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ABSTRACT. In this article, we prove that a version of Tate conjectures for certain Deligne-Lusztig
varieties implies the Kudla-Rapoport conjecture for unitary Shimura varieties with maximal para-
horic level at unramified primes. Furthermore, we prove that the Kudla-Rapoport conjecture holds

unconditionally for several new cases in any dimension.
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1. INTRODUCTION
1.1. Introduction.

1.1.1. Background. The classical Siegel-Weil formula ([Sie35,Sie51, Wei65]) relates special values of
certain Eisenstein series as theta functions, which are generating series of representation numbers of
quadratic forms. Later on, Kudla ([Kud97,Kud04]) proposed an influential program and introduced
analogues of theta series in arithmetic geometry. One of the goals of the program is to prove the
so-called arithmetic Siegel-Weil formula relating the central derivative of certain Eisenstein series
with a certain arithmetic analogue of theta functions, which is a generating series of arithmetic
intersection numbers of n special divisors on Shimura varieties associated to SO(n —1,2) or U(n —
1,1).

For U(n — 1,1)-Shimura varieties, Kudla and Rapoport ([KR11]) formulated a conjectural local
arithmetic Siegel-Weil formula at an unramified place with hyperspecial level, now known as the

Date: March 31, 2025.



Kudla—Rapoport conjecture. As a local analogue of the arithmetic Siegel-Weil formula, it relates
the central derivative of local densities of hermitian forms with the arithmetic intersection number
of special cycles on unitary Rapoport—Zink spaces. Now this conjectural identity is also known as
the Kudla-Rapoport conjecture and was recently proved by Li and Zhang in [L.Z22a]. We refer the
readers to the introduction of [LZ22a] for more backgrounds and related results.

One of the distinguished features of the hyperspecial case [KR11] is that the corresponding
Rapoport-Zink space has good reduction. Accordingly, the analytic side has a clear formulation.
A natural and important question is to formulate and prove analogues of the Kudla—Rapoport
conjecture when the level structure is non-trivial, where many unexpected new phenomenons occur.

At a ramified place, there are two well-studied unitary Rapoport—Zink spaces with different level
structures. One of them is the exotic smooth model which has good reduction, and the other one
is the Kramer model which has bad (semistable) reduction. The analogue of Kudla—Rapoport
conjecture for the even dimensional exotic smooth model was formulated and proved by Li and
Liu in [LL22] using a strategy similar to [LZ22a]. For the Kramer model, corresponding to the
bad reduction in this case, the analytic side is more involved. In fact, even the formulation of
the conjecture is not clear and needs to be modified. This phenomenon in the presence of bad
reduction was first discovered by Kudla and Rapoport in [KR00] via explicit computation in their
study of the Drinfeld p-adic half plane. A similar computation was also done in [San17, HSY20] for
unitary special cycles on the Kramer models of the Drinfeld p-adic half plane. The Kudla—Rapoport
conjecture for Kramer models, in general, was formulated in [HSY23] with conceptual formulation
for the modification and proved in [HLSY23].

The present paper focus on Kudla—Rapoport conjectures with maximal parahoric level structures
at an unramified prime, where more new phenomenons occur. If the level structure is almost self-
dual, a Kudla-Rapoport type formula was obtained in [San17] when n = 2 by explicit computation
and established in general in [LLZ22a] by relating it with the hyperspecial case. At an unramified
prime with general maximal parahoric level structure, such formulation was first given in [Cho22b]
in terms of weighted local density taking advantage of a duality between two Rapoport-Zink spaces
(see §5). In this paper, we also give another formulation in the spirit of [HSY23, HLSY23] when
the intersection number involved is purely contributed by Z-cycles.

Assuming a version of Tate conjectures for certain Deligne-Lusztig varieties, the present paper
settles this conjecture for any n and any maximal parahoric level structures. We are able to prove
the conjecture unconditionally for several special level structures for any n. In particular, we will
give a new proof of the almost self-dual case first proved in [LLZ22a]. The main results we obtained
should be useful to relax the local assumptions in the arithmetic Siegel-Weil formula for U(n—1, 1)~
Shimura varieties by allowing maximal parahoric levels at unramified primes. Also, it may be
applied to relax the local assumptions in the arithmetic inner product formula in [LL21,L1.22] and
the p-adic arithmetic inner product formula by Disegni and Liu in [DL22], which are key ingradients
for the proof of some special case of the Beilinson-Bloch conjecture. A final remark is that various
results obtained in [LZ22a,.1.22] are also crucial inputs of the proof of co-rank 1 Siegel-Weil formula
for exotic smooth unitary Shimura varieties as in Chen’s work [Che24]. Similarly, various results



obtained in the current work should be useful for the co-rank 1 Siegel-Weil formula for unitary

Shimura varieties with maximal parahoric levels.

1.1.2. Kudla—Rapoport conjecture. Let p be an odd prime. Let Fy be a finite unramified extension
of Q, with residue field k¥ = F;. Let F' be an unramified quadratic extension of Fj. Let 7 be a
uniformizer of both F and Fy. Let F be the completion of the maximal unramified extension of F'.
Let Op, O} be the ring of integers of F), F respectively.

Let n > 2 be an integer. To define the unitary Rapoport—Zink space with maximal parahoric
level structure, we fix a supersingular hermitian Op-modules X of signature (1,n — 1) over k. The
Rapoport-Zink space N = Mﬁh] is the formal scheme over Spf O parameterizing hermitian formal
Op-modules X of signature (1,7 — 1) and type h (see Definition 2.1) within the quasi-isogeny class
of X. The space N is locally of finite type, and semistable of relative dimension n — 1 over Spf O .

Let E be the framing hermitian Op-modules of signature (0,1) over k. We define space of
quasi-homomorphisms to be V.= V,, := Homp, (E,X) ®0, F. We can associate V with a natural
F/Fy-hermitian form to make V a non-degenerate F'/Fy-hermitian space of dimension n. For any
subset L C V, we define the special cycle Z(L) (resp. V(L) ) (see §2.2) to be the deformation locus
of L (resp. Ao L) in 28

Given an Op-lattice L C V of full rank n, we can define two integers: the arithmetic intersection
number Int(L) and the modified derived local density 0Den(L).

Definition 1.1. Let L C V be an Op-lattice and z1,...,x, be an Op-basis of L. We define the
arithmetic intersection number

(1.1) Intmh(L) = X(N, Oz(xl) ®]L . ®]L Og(xn)) € Z,

where Oz(,,) denotes the structure sheaf of the special divisor Z(z;), ®@% denotes the derived
tensor product of coherent sheaves on N, and Y denotes the Euler—Poincaré characteristic. By
Proposition 2.11, Int, ;(L) is independent of the choice of the basis x1,...,2z, and hence is a

well-defined invariant of L itself.

To define the modified derived local density ODen(L), we need to introduce local densities first.
Let M be another hermitian Op-lattice (of arbitrary rank) and Hermp, s denote the Op,-scheme of
hermitian O p-module homomorphisms from L to M. Then we define the corresponding local density
to be Den(M, L) == limg_, 4 o ‘HermLﬁiol\jo/ﬂd)l
Let I, be an unimodular hermitian O F7—lattice of rank k. It is well-known that there exists a local

density polynomial Den(M, L, X) € Q[X] such that for any integer k > 0,

, where dy, »s is the dimension of Hermy, ps ®0p, Fy.

(1.2) Den(M, L, (—q) %) = Den(I;; & M, L).

Here I); & M denotes the orthogonal direct sum of I, and M.
When M also has rank n and M ®¢,, F' is not isometric to L ®o, F, we have Den(M, L) = 0.

In this case we write

Den’(M,L) = —— Den(M, L, X),
dX |y,
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and define the (normalized) derived local density

Den' (I, 1, L
(1.3) Den!, ,(L) := en (I L)

=——— " Q.
Den(Ip, 4, Inp)

Here I,, 5, is a hermitian lattice with moment matrix Diag((1)"~", (7)"). When the n and h are
clear in the context, we also simply denote it as Den’(L).
Then the naive analogue of the Kudla—Rapoport conjecture for J\/;Lh} should be the identity

Inty, (L) = Den/, ,,(L).

However, as we mentioned before, since /\/}[Lh] has bad reduction, some modification for the analytic
side is needed. Indeed, a similar consideration as in [HSY23, HLSY23] shows that naive analogue
cannot be true for trivial reasons. For example, if A > 0, then Int(L) vanishes by definition if L has
I,_p11 as a direct summand while Den’(L) does not vanish for such L by some direct computation.
We call an integral Op-lattice A C V a wvertex lattice of type t if AV/A is a k-vector space of
dimension ¢. In particular, for a vertex lattice A C V of type ¢t < h, we have Int(A) = 0, while
Den’(A) # 0 in general.

In order to have Int(A;) = dDen(A;) for vertex lattice A; of type t < h, we define dDen(L) by
modifying Den’(L) with a linear combination of the (normalized) local densities

(1.4) Den,, (L) = Den(A, L)

o Den(At,At) < Z

In fact V % L[Lh} ®op F. As aresult, if Ay CV, then ¢ and h have different parity.
Similarly to the local density polynomial, we define the primitive local density polynomial
Pden(M, L, X) to be the polynomial in Q[X] such that

(1.5) Pden(M. L. (—q) ") = lim FERemr(On/(1%)

d— 400 qd~din’1(Hern’1L7M)F0

i

Phermy, /e (OR, /(7)) = {¢ € Hermy, psepw (Or, /(7)) | ¢ is primitive}.
Recall that ¢ € Hermp, payr, (Op,/(79)) is primitive if dimg, ((¢(L) + 7(M & I,)) /m(M & I},) = n.
In particular, for two lattices L and M of the same rank n, we have
Den(M,L) if M =L,

(1.6) Pden(M, L) =
0 if M 2 L.
We can also similarly define the normalized primitive local densities:

Pden(A¢, L)
Pdeny, (L) == 50—
den ,t( ) Den(At,At)

Pden’ (I, 5, L)

Pden’. , (L) = - Uniho &)
eny (L) Den(Ip 1, Inp)’

|1 &38|

OPden,, (L) = Pden;%h(L) + Z Cn,h—1—2i - Pdeny, p_1_9;(L).
i=0
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Definition 1.2. Let L C V be an Op-lattice. Define the modified derived local density
|95

(17) 8Denn7h(L) = Den;%h(L) + Z Cn,h—1-2i * Del’lmh,l,%(L).
i=0
The coefficients ¢, ; € Q here are chosen to satisfy

(1.8) ODeny, ,(A;) =0, for0<i<h—landi=h—-1 mod 2,
which turns out to be a linear system in (¢, ;) with a unique solution as in [HSY23].
Finally, we propose the following Kudla-Rapoport conjecture for /\/T[Lh].

Conjecture 1.3 (Conjecture 5.7, Conjecture 6.8). Let L C 'V be an Op-lattice. Then we have
Int, 4, (L) = ODen,, p,(L).

Remark 1.4. Conjecture 5.7 is a special case of the conjecture formulated in [Cho22b], which
follows a different philosophy. However, we show that Conjecture 1.3 is equivalent to Conjecture
5.7 by Corollary 6.7 and Proposition 6.9.

Remark 1.5. We remark that Den;, ; (L) is not an integer in general. Only the modified dDen,, (L)
is an integer. However, a priori, this is not clear at all.

The main purpose of this paper is to prove Conjecture 1.3 assuming a version of Tate conjectures

for certain Deligne-Lusztig varieties.

Theorem 1.6 (Theorem 9.4). Let L C V be an Op-lattice of rank n. Assuming Conjecture 4.3,
we have

Int,, (L) = ODen,, ,(L).
In this paper, we also verified Conjecture 4.3 for 7[L1], NP and A 4[2] unconditionally.

Theorem 1.7 (Theorem 4.5, Theorem 9.5). Assume (n, h) is one of the following cases: (n, 1), (n,n—
1) and (4,2). Then Conjecture 1.3 holds unconditionally.

Remark 1.8. Conjecture 1.3 for ./\/7[10} was the original Kudla-Rapoport conjecture proposed in
[KR11] and proved in [LZ22a]. The case (n,h) = (n,1) was first proved by [LZ22a] using certain
Hecke correspondence that relates /\/7[11] with AM,11. Our proof is an attempt to prove the general

case uniformly in a way closer to the proof for NT[LO] in [LZ22a].

Remark 1.9. Although N 2 1 by a natural duality, Z-cycles on N will be transformed
into Y-cycles on ./\/',Ln_l}. Hence, Theorem 1.7 for NJLH_” is different with the case for N7[ll]. In
particular, Theorem 1.7 for ./\/}[Ln_” and Nf} are new.

Remark 1.10. Conjecture 1.3 is formulated based on a different viewpoint from the one formu-
lated in [Cho22b]. The conjecture formulated in [Cho22b] is inspired by the duality NI o Al
and is more general in the sense that it also considers the case when the intersection is be-
tween Z-cycles and )-cycles. However, since our main theorem in this paper is about inter-

sections between Z-cycles and the above formulation is closer to previously studied cases e.g.
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[LZ22a],[L1.22],[LZ22b],[HLSY23], we state this new formulation in the introduction. We refer the
reader to Conjecture 5.6 for the general conjecture formulated in [Cho22b] and Conjecture 5.7 for
the specialized conjecture about the intersection between Z-cycles. We show that conjectures 1.3
and 5.7 are in fact equivalent in Proposition 6.9, which is interestingly a nontrivial fact to prove.

1.1.3. Strategy and novelty. Overall, our general strategy is similar to the strategy of [LZ22a]
using the local modularity and uncertainty principle, although we need to overcome various new
difficulties due to the parahoric levels. More precisely, fix an Op-lattice L C V of rank n — 1 and
consider functions on V \ L',

Int;,(z) = Int(L’ + (z)), Deny,(z) := dDen(L’ + (x)).

We need to show Int;, = dDen;, as functions on V '\ L'};. First, we have a natural decomposition
of Int;, and dDen;, into horizontal parts and vertical parts:

Int;, = IntLbe + IntLb,q,/, ODen;, = 6Dean,% + 8Dean’7/.

For the horizontal parts, we have Int;, , = dDeny, , by direct comparison. For the vertical parts,
Int ;s 4 and ODeny, 4 satisty “local modularity” in the sense that their Fourier-transforms have nice
behaviors.

Due to the existence of nontrivial levels, new phenomenons have already shown up for the
horizontal part. We can decompose the horizontal cycles into primitive horizontal cycles indexed by
“horizontal lattices” and essentially reduce the computation to n = 2, similar to [LZ22a]. However,
first of all, we have two different types of the “horizontal lattices” indexing the primitive horizontal
cycle. Moreover, the primitive piece indexed by one of them admits a further decomposition into
mixed special cycles. Here mixed special cycles mean that they are intersections between both
Z-cycles and Y-cycles. We refer the readers to Theorem 3.3 for more details.

Now we turn our attention to the vertical part. We discuss the geometric side first. For a curve

C c MM let Tnte (2(x)) = xWI, 0c @F Oz(2y) and Inte(V(2)) = YN, Oc @& Oyyy). TE C
lies in NQM or N?)[O] and is embedded into N}[Lh] via an embedding of /\/'2[1} or N?EO] into J,,h], then

explicit computation shows that
(1.9) Intc(Z(x)) = —¢~" - Inte(V(2)),

where I/IRC(Z (x)) denotes the Fourier transform of Intc(Z(z)) (see §1.2 for more details). We call
such a curve C' a special curve. This was first observed in [L.Z22a] when h = 0. In fact, when h = 0,
the more general identity

Int s (2(x)) = ~Tntp , (V(2))

was proved in [LZ22a], which we call local modularity in this case. When h > 0 and C' is special,
(1.9) was observed in [Zha22] based on computation of intersection numbers on /\/'2[1] established
in [Sanl17]. In [Zha22], this local modularity was used to prove arithmetic transfer conjecture in a

similar setting.



Nevertheless, it is by no means clear that this will be true in general. One observation is that if
Int, 4 () can be written as a linear combination of Intc(x) for special C, then we have

— _ogh. Int,,_q1 5— I if val(z) = —1,
(110) IntLb ‘//(1")“ —» q 1,h 1,7/( ) ( )
7 0 if val(z) < —2.

Although it is not clear whether Int; 5 () can be written as a linear combination of Intc(z) for
special C, one can always try to test the corresponding speculation on the analytic side, which is
a central idea for many of the past works. Indeed, for example, we recognized that there should
exist two different types of horizontal lattices by testing the analytic side first (the horizontal part
goes to infinity when val(x) goes to infinity). Also, it is really the computation of &Den vy (z) in
the Nf] case inspires us what we should expect in general for the geometric side.

On the other hand, once we have a big picture for the geometric side with the help of explicit
computation from the analytic side, the insight from the geometric side also serves as a guiding
principle to obtain purely analytic results. For example, [HLSY23, Proposition 7.5] is inspired by
the fact that Z(L) is empty for non-integral L, and the proof of [HLSY23, Proposition 7.5] gives
important hints for how to prove the rest major analytic results of [HLSY23]. This is also what
happened in the current case.

Indeed, as one of the main results, we manage to prove an analytic analogue of (1.10) uncondi-
tionally. More precisely, we prove dDen Lb7«//($) can be extended to V as a locally constant function

and

e —q " Int,_y 1 (L if val(z) = —1,
(1.11) dDen,, , () = q nty, 1 p-1,7 (L) if val(z)
7 0 if val(z) < —2.

As a result, assuming (1.10), for any = with val(z) < 0, we have

Int () — ODenyy (x) = Inty, , (x) — ODenys 4 () = 0.

Then the identity Int;,(z) — 0Den;, (z) = 0 follows from the uncertainty principle as in [LZ22a).

We remark that (1.11) suggests that Int;, ,(z) might be written as a linear combination of
Inteo(x) for special curve C. When h = 0, this is indeed the case and was proved in [L.Z22a, Corollary
5.3.3]. Therefore we propose this statement as a conjecture in Conjecture 4.3.

In order to establish (1.11), we make use of the primitive decomposition of the local density
polynomial into primitive local density polynomials and obtain a decomposition of 9Den(L):
(1.12) dDen(L) = > OPden(L’),

LcL!
where L' runs over Op-lattices in Ly containing L, and the symbol Pden stands for the primitive
version of Den (see (1.5)). The key reason to consider this primitive decomposition and 0Pden(L) is
that we usually have a very simple formula for 9Pden(L) which eventually makes the computation
about 0Den(L) possible. This is the case for all the previously proved Kudla-Rapoport type
formulas, e.g. [LZ22a],[LL22],[LZ22b], and [HLSY23].

Although a similar approach to compute OPden(L) as in [HLSY23] may be directly generalized to

the current situation, we decide to generalize the main result of [Cho23] to obtain an explicit formula
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of OPden(L) (see Proposition 6.17). One of the reasons we choose this approach is due to the fact
that Proposition 6.17 itself is already a certain induction formula that reduces the computation of
OPden(L) to the good reduction case (see Remark 6.18), which is particularly handy in order to
prove Theorem 1.11 below.

One of the major new phenomenons and difficulties we found and overcame in this paper is the
fact that when there is a non-trivial level structure, 0Pden(L) no longer has a simple formula in
general compared with the previously proved cases. This can be seen via some explicit computation
using Proposition 6.17. Nevertheless, inspired by an attempt to compute the Fourier transform of
dDeny; 4 (z) (e.g. to obtain (1.11)), we find simple inductive formulas for dPden(L) which suffices
to control the Fourier transform of dDeny, 4 (z). In fact, such inductive formulas also hold in all
the previously studied cases and the simple formulas for OPden(L) in these cases follow as a direct
corollary.

More precisely, let ¢;(L) and t>;(L) be the number of the fundamental invariants of L that is
exactly 7 and at least i respectively. Then we have the following.

Theorem 1.11 (Theorem 7.4). Let L be a hermitian lattice with val(L) # h mod 2. We have
OPden,, (L) depends only on (t>2(L),t1(L),to(L)). For simplicity, we denote it as Dy, p(t2,t1,10).
Moreover, assume that (ta — 1,t1 + 1,t9) # (n — h,h,0), to <n —h and ts > 1, then we have
Dyp(ta,t1,t0) — Dop(ta — 1t + 1,tg) = —(—q)*" =102 D4 (ta — 1,1y, to).
The above inductive formula is complemented by the following simple formulas for special

Dy, p(t2,t1,t0).
Theorem 1.12. With the same notations and assumptions as in Theorem 1.11, we have the fol-
lowing.

(1) (Lemma 7.5, Proposition 7.6) If to > n — h, then D,, (t2,t1,t0) = 0.

(2) (Theorem 7.8 (1)) If ta =0 and h + 1 < t;. Then, we have

t1 (N
D1 (0, 11, t0) = Hl(zlhjl((_lq)tl(hq)) )

(8) (Theorem 7.8 (2)) If ta =1 and h — 1 < t1. Then, we have
1 ifty=h—1,h;
Ml (1= (=0)) iftr=h+1

Theorems 1.11 and 1.12 will be proved in §7 using the formula for Pden(L) obtained in [Cho23].
As we have remarked, the method developed in [HLSY23] may also be adapted to the current case.

D, p(1,t1,t0) = {

However, we found that using the formulas in [Cho23] is easier for our purpose so we stick with
this approach. Note that the formulas in [Cho23] are derived via a duality between weighted local
densities in analogy with the duality between ./\/r[Lh} and ./\/r[Ln_h}, and this might be a particular
reason for why this formula so applicable in the current case.

With the help of formulas for OPden(L), we finally prove (1.11) via certain involved weighted
lattice counting in §8 via a similar method as in [LZ22b, HLSY23]. However, since OPden(L) now
depends on t>2(L), t1(L) and to(L), the counting becomes much more involved compared with the
ones in [LZ22b, HLSY23].



1.2. Notation and terminology.

Let p be an odd prime. Let Fy be a finite unramified extension of Q, with residue field
k = F,. Let F be the unramified quadratic extension of Fy. Let m be a uniformizer of F'
and Fy. Let F be the completion of the maximal unramified extension of F. Let O, O
be the ring of integers of F, F' respectively.

We say a sublattice of a hermitian space is non-degenerate if the restriction of the hermitian
form to it is non-degenerate.

In this paper, without explicit mentioning a lattice means a non-degenerate hermitian Op-
lattice. Unless otherwise stated, the symbol L always means a non-degenerate lattice of
rank n with a hermitian form (, ).

We define LY to be the dual lattice of L with respect to the hermitian form (, ). If L C LY,
we say L is integral. If L ¢ LY C n~'L, we say L is a vertex lattice.

We say that a basis {{1,...,¢,} of L is a normal basis (which always exists) if its moment
matrix T = ((¢;,4;))1<ij<n is Diag(7®',...,7%"), where «a1,...,a, € Z. Moreover, we
define its fundamental invariants (a1, - - - , a,) to be the unique nondecreasing rearrangement
of (aq,...,ap).

We define the valuation of L to be val(L) == "' ; a;, where (a1, --- ,ay) are the fundamental
invariants of L. For x € L, we define val(x) = val((z, x)), where val(r) = 1.

We call a sublattice N C M primitive in M if dimp, N = 7(N), where N = (N +7M) /7M.
We also use L to denote L ®o, Or/(r).

We use I,,, to denote a unimodular lattice of rank m, and I,, , to denote a hermitian lattice
with moment matrix Diag((1)"~", (7)").

For a hermitian space V, we let V** := {2 € V | val(x)?i} where ? can be >, < or =.

Fix an unramified additive character v : Fj — C*. Here "unramifiedness” means that the
conductor of ¢ (i.e., the largest fractional ideal in Fjy on which ¢ is trivial) is Op,. For an
integrable function f on V, we define its Fourier transform fto be

Flo) = | pitinnm @)y, «ev.

We normalize the Haar measure on V to be self-dual, so f(z) = f(—x). For an Op-lattice
L C V of rank n, we have (under the assumption that F'/Fp is unramified)

~

1, =vol(L)1pv, and vol(L) = [LY: L] 7"/* = g D),

Note that val(L) can be defined for any lattice L (not necessarily integral) so that the above
equality for vol(L) holds.
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2. RAPOPORT-ZINK SPACE AND SPECIAL CYCLES

2.1. Rapoport-Zink space. In this section, we review the definition and basic properties of
Rapoport-Zink space and special cycles.

Definition 2.1. For any Spf Oz-scheme S, a hermitian formal Op-moodule (X,t,\) of signature
(1,n — 1) and type h over S is the following data:

e X is a strict formal Op,-module over S of relative height 2n and dimension n. Strictness
means the induced action of O, on Lie X is via the structure morphism Op, = Og.

e . :Op — End(X) is an action of O on X that extends the action of Op,. We require that
the Kottwitz condition of signature (1,n — 1) holds for all a € Op:

(2.1) char(i(a) | Lie X) = (T — a)(T —a@)" ' € Og[T).

e \is a polarization on X, which is O /Op, semi-linear in the sense that the Rosati involution
Ros) induces the non-hrivial involution on ¢ : Op — End(X).
e We require that the finite flat group scheme Ker A over S lies in X[r] and is of order ¢?".

An isomorphism (X7,:1, 1) — (Xa,9,\2) between two such triples is an Op-linear isomor-
phism ¢: X; =+ X, such that ©*(A2) = A1. Up to Op-linear quasi-isogeny compatible with the
polarization, there exists a unique such triple (X, tx, Ax) over F. Fix one choice of (X, ux, Ax) as

the framing object.

Definition 2.2. Let (Nilp) be the category of Op-schemes S such that 7 is locally nilpotent on S.
Then the Rapoport—Zink space associated with (X tx, Ax) is the functor

Nituze) = NiY = Spf Oy
sending S € (Nilp) to the set of isomorphism classes of tuples (X, ¢, A, p), where
e (X,1,\) is a hermitian formal Op-module of dimension n and type h over S;

e p: X xgS — X xp§ is an Op-linear quasi-isogeny of height 0 over the reduction S =
S %o, Fsuch that p*(Ay 5) = Ag.
0 )

The functor NT[LM is representable by a formal scheme over Spf O which is locally formally of
finite type by [RZ96]. Moreover, this formal scheme is regular (see [Chol8, Proposition 3.33]). We
often simply denote J\/T[Lh] as NV if the signature and type are clear in the context.

There is an isomorphism 6 : N2 AR constructed as follows ([Chol8, Remark 5.2]). For
each S € (Nilp),

NIP(S) 5 A=),
(XaiX,)\XapX) = (XV,E}(, ,Xa (pg()_l)v

where Ny : XV — X is the unique polarization such that Xy o Ax = ix(7), and for a € Op, the

action i¥ is defined as 1% (a) :=ix(a*)". When we denote NI as N, we use MV to denote NI
10



2.2. Special cycles. To define special cycles, we need to fix a hermitian formal Op-moodule
(E, iz, Ag) of signature (0,1) and type 0 over F. Then we can similarly define a Rapoport-Zink
Space ./\/'(Ei@ Ap) which we denote as N0 for simplicity. Recall that there is a unique lifting (&, Lz Ag)
of (E,ig, A\g) over Op.

Definition 2.3. We define the space of special homomorphism to be the F-vector space

V := Homo,. (E, X) ®z Q.

We can associate V with a naturally defined hermitian form as follows. For x,y € V, we define a
hermitian form h on V as

X

(xz,y) = )\E oy’ olxoz €Endp,(E)®Q = F.
We often omit %1 via the identification Endp,. (E) @ Q ~ F'.

Definition 2.4. [KR11, Definition 3.2], [Chol8, Definition 5.4]

(1) For x € V, we define the special cycle Z(z) to be the closed formal subscheme of N0 x A/
with the following property: For each Op-scheme S such that 7 is locally nilpotent, Z(z)(S)
is the set of all points £ = (Eg, gy gy Xoix, Ay, px) in MO x N)(S) such that the quasi-
homomorphism

p)_(1 °x 0Pz, Egxg S = X xg8
extends to a homomorphism from £g to X.

(2) For y € V, we define the special cycle Y(y) in NV x A as follows. First, consider the special
cycle Z(Ax oy) in N¥ x NV. This is the closed formal subscheme of N’ x ANV. We define
V(y) as (id x 0~ (Z(Mx oy)) in NO x NV

Note that A"® can be identified with Spf O, and hence Z(z),Y(y) can be identified with closed
formal subschemes of A/. The same proof of [KR14, Proposition 5.9] gives us the following.

Proposition 2.5. [KR14, Proposition 5.9] The functors Z(x) and Y(y) are representable by Cartier
divisors of N.

Proposition 2.6. [Chol8, Proposition 5.10] Let z,y € V.
h
(1) If val((z,z)) = 0, then Z(z) ~ N,
(2) If val((y,y)) = —1, then Y(y) ~ /\/;[Lh:ll]-

2.3. Horizontal and vertical part of special cycles. We closely follow [LZ22a, §2.9] in this
subsection. We call a formal scheme Z over Spf O vertical (resp. horizontal) if 7 is locally
nilpotent on Z (resp. flat over Spf O ). In particular, the formal scheme-theoretic union of two
vertical (resp. horizontal) formal subschemes of a formal scheme is again vertical (resp. horizontal).

Now we define the horizontal part and vertical part of Z respectively. The horizontal part
Zy of Z is defined to be the closed formal subscheme with ideal sheaf Oz [7*°] C Oz. Then
Z w is the maximal horizontal closed formal subscheme of Z. For noetherian Z, we can find
N > 0 such that 7™VOyz[r®] = 0. Then the vertical part Zy C Z is defined to be the closed
formal subscheme with ideal sheaf 7V ©@,. Note that Oy [m*°] N N0z = 0 implies the following

decomposition:Z = Z » U Zy . The same proof of [LZ22a, Lemma 2.9.2] gives the following.
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Lemma 2.7. [LZ22a, Lemma 2.9.2] Let L C V be a Op-lattice of rank r > n — 1 such that L is
non-degenerate. Then Z(L) is noetherian.

The following lemma follows from the same proof of [LZ22a, Lemma 5.1.1].

Lemma 2.8. [L722a, Lemma 5.1.1] Let L’ be an Op-lattice of rank n —1 in'V,,. Then Z(L")y is
supported on Nﬁed, i.e., Oz(ppy, is annihilated by a power of the ideal sheaf of Nied C \,,.

2.4. Linear invariance. Following [How19], we show the linear invariance of intersection numbers.
In this subsection, we use N to denote Nr[lh} and (X, tx, Ax) to denote the the universal object over
N. Let D(X) denote the covariant Grothendieck-Messing crystal of X restricted to the Zariski site.
Then we have a short exact sequence of locally free Opr-modules:

0 — Fil(X) — D(X) — Lie(X) — 0.
which is Op-linear via the action given by tx. Let O = Op, + Op,a and
6::&@1—1®&€OF®0F0 O,
E::a®1—1®54€0F®0F0 Op.
Definition 2.9. Let Lx be the image of € on Lie(X). In other words, Lx = € Lie(X).

According to the Kottwitz signature condition, we know Lx C Lie(X) is locally a Oa-module
direct summand of rank 1.

For a closed formal subscheme Z of N with ideal sheaf Z,, we denote by Z the closed formal
subscheme defined by the sheaf I%. Let x € V be a non-zero special homomorphism. Let Xy be
the universal object of /\/'1[0]. By the very definition of Z(x), we have

Xolz@) = X|z@)

which induces an Opg-linear morphism of vector bundles

D(Xo)|z(z) = D(X)|z()-
By the Grothendieck—Messing theory, we may canonically extend the above morphism to a mor-
phism
which no longer preserves the Hodge filtrations and hence induces a nontrivial morphism
(2.2) Fil(X0)| 2 () 5 Lie(X)|z(,)-
Proposition 2.10. The morphism (2.2) induces a morphism

Fil(Xo)| 7y = Lx|7()-
Moreover, Z(x) is the vanishing locus of &.

Proof. According to the signature condition of X, we have Fil(Xy) = eD(X) since both are locally
Oy direct summands of D(Xp) of rank 1 where ¢(a) acts as a. Since & is Op-linear, we have

#(Fil(Xo)) = #(eD(Xp)) € e Lie(X) = Ly.

Now the second claim follows from the Grothendieck—Messing theory. 0
12



Now given a nonzero element z € V, we define a chain complex of locally free Opr-modules
Clx)=("—=0—=ZIz4u = On—0)
supported in degrees 1 and 0 with the map Zz(,) — Ox being the natural inclusion. We extend
the definition to x = 0 by setting
C0):=(—0—w>0n—0)
supported in degrees 1 and 0 , where w is the line bundle such that w™! = Hom(Fil(Xp), Lx).

The following is our main result of this subsection which follows from Proposition 2.11 by the

same argument as in [How19].

Proposition 2.11. Let 0 < m < n be an integer. Suppose that x1,...,xm €V andyr,...,ym € V
generate the same Og-submodule. Then we have an isomorphism

H’L(C(xl) ROy " Qop C(mm)) =~ Hz<C(y1) ROy - Qop C(ym))

of Onr-modules for every 1.

3. HORIZONTAL PARTS OF KUuDLA—RAPOPORT CYCLES

In this section, we describe the horizontal parts of special cycles following the approach of
[LZ22a, §4]. Due to the existence of non-trivial level structures, there are some new phenomena.

Let K denote a finite extension of F. Consider z € Ny[Lh](OK) which corresponds to an Op-
hermitian module G of signature (1,n — 1) over Og. Let T),(—) denote the integral p-adic Tate
modules and

L :=Homo, (T,€, T,G).
We can associate L with a hermitian form {x,y} given by
o v A _ _
(T,€ 5 1,6 2% 1,6Y X5 1,87 25 T,8) € Endo, (T,€) = Op.

One can check that L is represented by the hermitian matrix Diag((1)"~", (7)").

Following [LZ22a, §4], we consider two injective Op-linear isometric homomorphisms

1K - HomoF(E, G)F — LF,
and
i, : Homgp,. (E, G)p — V.

By [LZ22a, Lemma 4.4.1], we have
(3.1) Homo,. (£,G) = i (L).

By the definition of special cycles, for any Op-lattice M C V, we have z € Z(M)(Of) if and
only if M C iz(Homo, (€,Q)). By (3.1), z € Z(M)(Ok) if and only if
(3.2) M C (it (L)).

Now assume that z € Z(L?)(Of) corresponds to an O p-hermitian module G of signature (1,n—1)
over Og. By (3.2), we have

L’ Cigli' (L)),
13



Define M® := L}, Niz(ix (L)). By (3.2), we still have z € Z(M?)(Ox). Moreover, we have
M" =5 Lnig (i '(Ly)).
Set W = zK(zgl(L%)), which has the same dimension as L.

Definition 3.1. Define H(V) to be the collection of Op-lattices M’ C V of rank n — 1 such that
M’ ~ Diag((1)" ", (7)"72,(7%)) with a € Zsg or M’ ~ Diag(1" "2 (x)", (z%)) with a € Z>.

Definition 3.2. For any lattice L” such that L> ¢ L” C (L”)Y C L%, we define the primitive part
Z(L")° of the special cycle Z(L") inductively by setting
Z(L/b)o — Z(L/b) - Z Z(L//b)o.
L/b CL//b
L C(L”b)vCLﬁg
Moreover, we define Y(L”)° similarly.

Theorem 3.3. Let L’ C V,, be a hermitian Op-lattice of rank n — 1. Then

ZLw= U Z0)%.
LcM’,
M°cH(V)

Moreover, we have the following.
(1) If M* =~ Diag((1)"", (7)"~2, (%)) with a € Zso, then Z(M®),p = Z(M") ~ Z(z) ¢ NI
with val(x) = a — 1, which is a quasi-canonical lifting of degree a — 1.
(2) If M’ ~ Diag(1"~"=2, (1), (7%)) with a € Zsg, then
Z(M")%p = > Z(My)° - Y(No)°.

M’ CMi®NaCm— MP
NQ%(Tr_l)h

Here, each Z(My)° - Y(N2)° is a quasi-canonical lifting of degree a. The summation index
has cardinality:

" ifa>2,
S e e
1= (=)'
The rest of this section is devoted to the proof of Theorem 3.3. We give the proof at the end of
this section after some preparations.

ifa=1.

First, by the similar method as in the appendix of [HSY23], we can prove the following two
lemmas.

Lemma 3.4. Assume L = L1 @ Lo where L1 ~ (1)"*h and Ly = (7). Let x be a primitive vector
in L.

(1) If Prp, (x) is primitive in Ly, then there exists L} ~ (1)"" such that x € L.

(2) If Prp, () is not primitive in Ly, then there exists L} ~ (1)" " and Ly ~ (7)" such that

L=L\oL, and x € L.
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Lemma 3.5. Assume L ~ (1)" " or (n)". Then for any primitive vectors x,x' € L with q(x) =
q(2'), there exists g € U(L) such that g(x) = 2'.

With the help of the above two lemmas, we can prove the following.

Lemma 3.6. Assume L is a hermitian lattice represented by Diag((1)"~", (7)") and W C L is a
subspace of dimension n — 1. Then M° := W N L is represented either by Diag(1"~"=2 (m)" (7%))
with a € Zsqo or Diag((1)" ", (7)"2, (7)) with a € Z~o. In the first case, we can write M’ =
M1 & My such that L = L1 & M.

Proof. First, we assume M1b = M’ n Ly r is not unimodular. Then the rank of L; is at least
2 and we choose a basis {e1,...,e,_p} of Ly such that ej,eq € L; and (ej,e1) = (eg,e2) = 0,
(e1,e2) = 1 and (e, e;) = 0 for 4,5 > 2,i # j. Since M is primitive in L; but non-isometric to
Ly, we know the rank of M} is smaller than n — h. Hence the rank of M? has to be n — h — 1
and Mg = M’ N Ly p = Ly. Now we choose a orthogonal basis {x1,...,2,—p—1} of M'l’, where
we assume ¢(z1) = (z1,21) has largest valuation among {q(z1),...,q(zn—p—1)}. In particular,
val(g(x1)) > 0. By Lemmas 3.4 and 3.5, we may assume 1 = e] + @62. Since M? is primitive,
we can write x; = a;(e; — Q(%l)eg) + Z?;; a;je; and for each j with 3 < j < n — h, there exists
an ¢ such that a;; is a unit. Hence by possibly choosing a different basis {x2,...,2,—p—1}, we may
assume z; = a;(e; — @)62) + e;+1. Now it is clear that Span{xs,...,z,_p_1} is unimodular and
M ~ Diag((1)" 72, (x)", (79)).

Now we assume M? == M bﬂLL p is unimodular. If rankM? = n—h—1, then an argument as above
shows that M” ~ Diag((1)" "1, (x)"). If If rankM} = n — h, then rank M3 = h — 1, and a similar
argument as before shows that M3 ~ ()" ~2@(7?%) with a € Z¢. Then M’ ~ (1) '@ (n)" 2@ (1%)
and (1) "1 @ ()" respectively. O

In particular, Lemma 3.6 implies that if z € Z(L?)(Ok), then z € Z(M”)(Of) where M* € H(V).
Now we assume z € Z(L?)(Of) corresponds to a M” represented by (1) "2 @ (%) & (7)". By

Proposition 2.6, we may reduce to the case M” represented by (7%) @ (7)".

Proposition 3.7. Assume z € Z(Lb)(OK) corresponds to a M’ = My & M, where M, is repre-
sented by () and My is represented by (7). If L = Ly @ My, then z € Z(M;)° - Y(r ' M>)°.

Proof. First, notice that z € Z(M")° essentially by the definition of M°. We may choose a basis
{z1,29} of Ly and a basis {x3, -+ ,xp42} of My such that the moment matrix of {z1,z2} and
{23, 240} is (1)? and (7)". Let

L.v := Homo, (T,€, T,G").
Composing L with \g, we obtain an embedding L «— L.v such that L,v = Ag(L1) @ 7~ \g(Ma).
Moreover, the moment matrix of Ag(L1) @ 7~ Ag(Mz) is (7)? @ (1)". We can also directly check
that L.v N Aa(ix (i ' (L)) = Mi@©7 Aa(Mz). Hence, z € Z(M1)°-Y (7~ Ma)° by the definition

of special cycles. O

Lemma 3.8. Assume M* = M, & M, = M{ @& M. Then

Z(M)° - Y(n 1 My)° = Z(M})° - V(1 My)°.
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Proof. First of all, we have Z(M;)°-Y(m~1Ms)° C Z(M;)°- Z(M)° = Z(M{)°- Z(Mz)° C Z(Mj)°.
Hence, Z(M1)° - V(71 Ms)° C Z(M])° - Y(n~1Ms)°. By switching the role of M; and Mj, the
lemma is proved. O
Lemma 3.9. Let M’ = M; @ My, where My = span{xo}, and My has a basis {x1,--- ,x} with
moment matriz (7)h. Assume M’ C N’ C 7='M” and N* ~ Diag(r®, (= 1)"). Then N’ =
My @ span{n~Y(x1 + a1z0), - , 7 Hxn + anwo)}, where oy is a representative of Op/ ().

Proof. Since M” ~ Diag(n®, (7)") and N° ~ Diag(x®, (#~!)"), N’ must contain a sub-lattice of the

h
form span{r ' (z1 + aixo), - , 7 (xn + anzo)}. Moreover, we have M” C N” c m= 1 M".
h
Notice that M” C M; @ span{m—'(z1 + aqz9),--- ,7 Yz}, + apzo)} € N°. Hence N* = M, @
span{m 1 (z1 + a1z0), - , 7z + anwo)}. O

Lemma 3.10. Assume M° = M; @ M, with basis {xo,z1,--- ,xp} as in Lemma 3.9. Let N”
and (N°) be two different lattices such that M° ¢ N* ¢ #=*M", M* c (N°) C =~'M", and
N° =~ (N*) ~ Diag(n®, (7~1)"). Write N> = My ® Ny and (N°) = M; ® Nj. Then

Z(My)* - Y(N2)*(Ok) # Z2(My)° - Y°(N3)(Ok).
Proof. Let N* = My @span{r—'(z1+o1x0), - , 7 Y(xp+apzo)} and (N°) = My @span{n—'(z; +

ahxg), -, 7 H(xp+a,mo)} where o and o are representatives of Op /(). If Z(My)°- ( 2)°(Ok) =
Z(M,)° - Y°(N3)(Ok), then we have nontrivial z € Z(M;)° - Y(N2)°(Ok) N Z(My)° - Y°(N3)(Ok).
This implies that z € (7~ 'My). In particular, z € V(7= My) - Y(span{ntzy,--- , 7 t23})(Ok).

However, notice that
y(ﬂ'flMl) . y(span{ﬂ'flxl, B ,ﬂ'flxh}) & Z(TrflMl) . y(span{ﬂflxl, . ,Wﬁlxh})

by cancellation law and the fact that Z(7~'M;) = Y(7~'M;) in M3. This contradicts the fact
2z & Z(r 1 My)°. O

Proof of Theorem 3.3. Assume z € Z(M”)°(Of). By Lemma 3.6, we know that z € Z(M”)(Ok)
where M” € H(V).

If M” = My @ My, where My ~ (1)"~" and M, ~ Diag((r)"2, (z%)) with a > 0, then according
to Proposition 2.6, Z(M") = Z(Ms) C N,Eh}. Then applying the duality between N[h] and N[O}, we
have Z(Ms) C N,Eh} is isomorphic to Z(MJ) C N where M} = Diag((1)"=2, (z~1)). Then by
Proposition 2.6 and [KR11, Proposition 8.1], Z(M b)" is isomorphic to a quasi-canonical lifting of
degree a — 1.

Now we assume M’ = Diag(1"~"=2 (n)" (7)) with a € Z>(. Then according to Proposition
3.7, and Lemma 3.9, we have z € Z(M;)° - Y(N2)°(Ok) for some Ny, where Ny = span{n~!(z1 +
a129), - -+ , 7 (zp+anzo)} and each q; is some representative of Op /(). If My = Diag(1"~"=2, 7%)
and My = (7)", then by Proposition 2.6 and [KR11, Proposition 8.1] again, Z(M;)° - V(71 Ms)°
is isomorphic to a quasi-canonical lifting of degree a.

According to the above discussion, we have
(33) 2= U mO)ZO00).

LPCM?,

MPeH (V)
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and Z(M”)%, has the desired description.

Now we show m(M?) = 1 for any M” in the above identity following the proof of [LZ22a, Theorem
4.2.1] closely. It suffices to show Ox[e]-points of both sides of (3.3) are the same where €2 = 0.
First, each Og-point of the right hand side of (3.3) has a unique lift to an Ogle]-point. Therefore
we only need to show each z € Z(M”)%,(O) has a unique lift in Z(M”)%, (Ox[e]).

Let G be the corresponding Op-hermitian module of signature (1,n—1) over O and D(G) be the
(covariant) Op,-relative Dieudonné crystal of G. First, we have an action Op ®0p, O ~ 0O ®0gk
on D(G)(Ok) induced by the action of Op via ¢ : O — End(G), and hence a Z/2Z-grading on
D(G)(Ok). Then we let &7 = gryD(G)(Ok). It is a free Og-module of rank n equipped with an
Ox-hyperplane: 2 = Fil! D(G)(Ox) N o/ by the Kottwitz signature condition. Note that .#
contains the image of L” under the identification of [KR11, Lemma 3.9].

Note that the kernel of Ox[e] — Ox has a natural nilpotent divided power structure. Then
according to Grothendieck-Messing theory, a lift 2 € Z(L”)(Ogle]) of z corresponds to an O|e]
direct summand of D(G)(Ox|e]) Fil that lifts Fil'D(G) and contains the image of L’ in o/ . Here, Fil
is isotropic under the natural pairing (, )p(@)0x[) o0 D(G)(Ok|e]) induced by the polarization.
Since I’ C Homp, (€,G) has rank n — 1, by Breuil’s theorem [L.Z22a, §4.3], we know that the
image of L’ in gryD(G)(S) has rank n — 1 over S (the Breuil’s ring) and thus its image in the
base change & has rank n — 1 over Og. In particular, grgFll is the unique O |e]- hyperplane I of
groD(G)(Okle]) that contains the OK[ J-module spanned by the image of L’ in .

To determine gr, Fil, we note that Fil is a direct summand of ID)(G)(O K [€]) with rank n containing
. Since Fil is isotropic under (, )Io(@)(0x[d)> We have gr,Fil C (%L Ngr;D(G)(Okle]). Here
(% + is the perpendicular subspace in D(G) (O [e]) with respect to (, )p(a)(ox[d)- Moreover, since
det(, )p(@)(0x[d) # 0 in Okle], we have (%J— has rank n + 1. Note that gryD(G)(Ox|e]) is also
isotropic under (, )p(a)ox[q)- In particular, groD(G)(Okle]) C (%i which has rank n. Hence
(%fz)L N griD(G)(Okle]) is of rank one. Since Fil is a direct summand of D(G)(Okle]), we know
gr,Fil = ()L N gr,D(G)(Ok[e]). Hence Fil = grFil @ gr, Fil is uniquely determined, and the lift
z € Z(L”)(Okle]) of z is unique. Hence Fil = gr,Fil & gr, Fil is uniquely determined, and the lift
7 € Z(L*)(Ok]le]) of z is unique.

We defer the proof of the cardinality of the summation index to Lemma 8.22, where it is proved
via analytic method. O

4. LOCAL MODULARITY AND TATE CONJECTURES

First, as we have discussed in the introduction, we propose the following local modularity con-
jecture motivated by the analytic computation and the special case for NT[LO] (see [LZ22a, Corollary
5.3.3]).

Conjecture 4.1. For the Rapoport-Zink space NJ[‘] and an Op-lattice L’ C 'V of rank n — 1, we

have .
Inty, o (Z(x)) = —q—hIntLhy/(y(x)).

Remark 4.2. Conjecture 4.1 is primarily motivated by Theorem 9.2 below along with [LZ22a,

Lemma 6.3.1] and [Zha22, Theorem 8.1].
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Conjecture 4.3. (cf. [LZ22a, Corollary 5.3.3] ) For the Rapoport-Zink space j\/}[lh] and an Op-lattice
L’ C 'V of rank n — 1, there are finitely many Deligne-Lusztig curves C; C N}Eo} — 7[Lh], projective

lines D; C /\/'Qm — Ny[lh} and multc,, multp, € Q such that for any x € V\L%,
XNILEZ(L)y @ O(,) = Z multc, x (NI, Oc, @ Oz(,) + Z multp, x(NI™, Op, @ Oz(,)).

Remark 4.4. Conjecture 4.1 follows from Conjecture 4.3. Conjecture 4.3 is implied by a stronger
version of Tate conjectures on 1-cycles for Deligne-Lusztig varieties Yj in Proposition 4.6 (cf.
[LZ22a, Theorem 5.3.2]).

Theorem 4.5. Conjecture 4.3 holds for NAO},N,Q”,N,E”‘”,N,Q”], and ./\/12].

To prove this theorem, we follow [L.Z22a, Section 5.3|. First, we need to recall several notations
and theorems from [Chol8]. In [Chol8, Theorem 1.1], we proved that the reduced subscheme of

nh] has a Bruhat-Tits stratification and their components are certain Deligne-Lusztig varieties Y,
where A is a vertex lattice of type ¢(A). More precisely, we have the following proposition.

Proposition 4.6. [Chol8, Theorem 1.1] Let /\/’i’fied be the underlying reduced subscheme of /\/}Lh].
Then, we have
Nﬂed = Uiay<h—1Ya U Ugay>ni1Ya,

where Y, denotes certain Deligne-Lusztig varieties associated with vertex lattices A. Also, the
dimension of Y is £(t(A)+h—1) (resp. 3(t(A)+n—h—1)) if t(A) > h+1 (resp. t(A) <h—1).

By [LZ22a, Corollary 5.3.3], we know that the Conjecture 4.3 holds for ./\/,QO] and J\/An]. Also, by
[Chol8, Theorem 1.1], the irreducible components of the reduced subscheme of ./\/'4[2] are P2 and
their Chow groups are well-known. Therefore, let us focus on Nr[Ll],./\/}[Ln_l]. Since J\/T[Ll] is isomorphic
to NT[Ln_l], we only need to consider ./\/}[11]. In this case, by Proposition 4.6 (see [Chol8, Theorem 1.1]
for more detail), we know that the reduced subscheme of /\/}[11] has a Bruhat-Tits stratification and
their components are Deligne-Lusztig varieties Yy where t(A) > 2 or projective spaces P, where
t(A) = 0. Let us describe Y) more precisely.

Let kp be the residue field of F' and let Vagip41 be the unique (up to isomorphism) kp/k-
hermitian space of dimension 2d + h + 1. Let A/mAY = Vog 11 where t(A) = 2d + h + 1, and
let Jog1nt1 be the special unitary group associated to (Vagin+1, (+,-)). Let (Wagipt1, S2d+n+1) be
the Weyl system of Jogypy1 and let Bogyp 1 be the standard Borel subgroup. Let F : Jogipi1 —
Jadyn+1 be the Frobenius morphism over k = F,. For I C Sgq4p41, we define Wr as the subgroup
of Wogyni1 generated by I and Pr := Bogip+1WiBogin+1. Note that Wogyp1 can be identified

with a symmetric group Sogypt1 with {s1,..., s2q+n} where s; is the transposition of ¢ and i + 1.
We write
I() — { {81,...Sd,8d+2,...,82d+1}, ifth=1 ’
{81, e SdySd4+2s -+ 3 Sd+hs Sd+h+2 - - - s 52d+h}; ifh>1
I = { {81,y Sd—isSd+it2s---»S2a+1},1 <1 < d, ifh=1 ’
{815+ 8d—is8dt2s -+ s Sdihy Sdthviv2 > S2dh), 1 <i<d  ifh>1
P = Pr,,

WA ‘= Sd+15d+2 - - - Sd+h-
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Also, for I C Sagipy1 and w € Wogyp11, we define the Deligne-Lusztig variety X;(w) by
Xi(w) = {g € Jaarnt1/Pilg” F(g) € PrwPr(}.

Finally, we define Y) by Yy = Xy, (wy) = X1, (id) U X1, (wy) (see [Chol8, Definition 3.10]). Then,
we have the following proposition.

Proposition 4.7. Y, is smooth.

Proof. Note that Yy is smoothly equivalent to the closure of PywpF(Py)/F(Py) C Jagint1/F (Fo),
a Schubert variety in the partial flag variety Jagin+1/F(FPo) ([GHN24, Section 7.1]). Also, this is
smoothly equivalent to its inverse image in Jogip11/Bodtni1, the Schubert variety for the maximal
element in PywpF(FPy) ([GHN24, Section 7.2]). Now, by [LS90, Theorem 1] or [BL0OO, Theorem
8.1.1], it suffices to show that the maximal element in PywpF(Fp) avoids the patterns 3412, 4231.
By the balls-in-boxes picture for wy ([BKPT18, Section 3.2]), we can compute that the maximal
element in PywpF(Fp) is

1 2 ... d d+1 ... d+h d+h+1 d+h+2 ... 2d+h 2d+h+1
d+1 d ... 2 d+h+1 ... d+2 2d+h+1 2d+h ... d+h+2 1 '
It is now easy to see that this element avoids the patterns 3412, 4231, and hence Y, is smooth. [

Now, assume that h = 1. In this case, we have that P; = Bygys. Also, note that the elements in
Jogyo/ P; parametrize flags

1 1 111 1
ocT ;CT jy1...CT 1 CACBCT)...CT; CVayqa.
Now, by [Chol8, Theorem 1.1], we know that the reduced subscheme of NJ}] is
1
(4.1) Nitled = Unsay2¥a U Un s(a)=oPh-

Here, YA = Xp,(id) U Xp,(S4+1) where 2d 4+ 2 = t(A)(see [Chol8, Definition 3.10]). By [Chol8,
Lemma 2.21] (cf. [Voll10, Lemma 2.1]), we have the following statement (cf. [Vol10, Theorem 2.15]).

Proposition 4.8. (c¢f. [Voll0, Theorem 2.15]) There is a decomposition of Xp,(id) U Xp,(Sdt+1)
into a disjoint union of locally closed subvarieties

XPO ('Ld) (| XPO (Sd+1) = |_|,Ld:0{XP1 (Sd+2 NN Sd+i+1) (| XPz (Sd+18d+2 e Sd+i+1)}.
Proof. We can follow the proof of [Vol10, Theorem 2.15] with [Chol8, Lemma 2.21]. O

Since Py = Baygt2, we have that Xp,(Sqgt2...524+1) and Xp,(Sq+154+42 - .. S2d+1) are classical
Deligne-Lusztig varieties. For 0 < i < d, let us write

Xy = Xp,(8d41---Sdtit1)s

X719 =Xp(8d+2- - Sd+it+1),

Y = Xp, o (Sit1 - - - S2i41),

520—1,2 = XByi o (Siv2. .- $2i41),

Xp = Xp U XD,

Xi = u:'nZOXiO?

Yy = UL o{Xp,(Sat2 - - Sari+1) U Xp,(Sdr15d42 - - - Sdtit1)}-
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Then, by the above proposition and a Bruhat-Tits stratification in [Chol8, Theorem 1.1], we
have that X7 (resp. X 02) is a disjoint union of isomorphic copies of Y (resp. Y;%). Also, the
dimensions Of Y and V5 are ¢ + 1.

For any kp-variety S, we write H7(S)(i) for H7(Sg,Q(i)) where | # p is a prime and k is an
algebraically closed field containing kp. Let .# = Fry, be the ¢>-Frobenius on H7(S)(i). Then, the
following analogous statement of [L.Z22a, Lemma 5.3.1] holds.

Lemma 4.9. (¢f. [LZ22a, Lemma 5.3.1]) For any d,i > 0 and s > 1, the action of .Z* on the

following cohomology groups are semisimple, and the space of F*-invariants is zero when j > 1.
(1) H(Y31)(5)-
(2) H(Y{ 1 ,5)(5)-
(3) HY(X?)(j)-
(4) H? (Yq — Xi)(j)-

Proof. Here, we follow the proof of [LZ22a, Lemma 5.3.1] with some modification.

(1) By [Lus76, (7.3) (2A2411,%)] (or we refer to the proof of [Ohm10, Lemma 2]), we have the
following table on the eigenvalues of .# on HJ (Y1)

jld+1|d+2|d+3|...|2d—1 2d | 2d+1|2d+2
1 e ¢ R e 22
P | =@ | = | =g

By the Poincaré duality, we have a perfect pairing
HZ™279(Ygh) x HY(Y)(d+ 1) — HZP2(Y9)(d + 1) ~ Q.

Therefore, the eigenvalues of .% on H% (Y71)(j) are given by ¢ 2(d+1-39) times the inverse of

the eigenvalues in H? (d+1=y )(Yd‘jl). More precisely,

Hcg(d+1_j)(yd()71) q2(d+1*j) X the inverse

=0 q2d+2 1
i—1 q2d—2 q2
j > 2) q2d+2—4j’ _q2d—4j+5 q2j’ _q2j—3.

Therefore, the eigenvalue of #* cannot be 1 when j > 1. The semisimplicity of the action
of .#* is from [Lus76, 6.1].

(2) By [Lus76, (7.3) (Ag+1,-%)] (or we refer to the proof of [Ohm10, Lemma 2], here, note that
F is ¢*-Frobenius), we have the following table on the eigenvalues of .# on HJ(Y,).

jld+1|d+2[d+3|...[2d—1| 2d |2d+1|2d+2
‘ 1 ‘ pe ‘ ¢t ‘_“‘qu—4 ‘q2d—2‘ ‘q2d+2'

By the Poincaré duality, we have a perfect pairing

HYM279(Yio) % HY (Yip)(d +1) = HXP (Vi) (d +1) ~ Q.
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Therefore, the eigenvalues of .# on H? (Y2)(4) are given by ¢*\@+1=9) times the inverse of

the eigenvalues in H (d+1=7 )(Yd"g). More precisely,

HCQ(d-i-l—j)(YdeQ) ¢2d+1-7) % the inverse

j =0 q2d+2 1
j -1 q2d72 q2
j > 92 q2d+2—4j (]2j-

Therefore, the eigenvalue of .#* cannot be 1 when j > 1. The semisimplicity of the action
of .#¢ is from [Lus76, 6.1].

(3) This follows from (1) and (2) since X7 is a disjoint union of Y;% and Y;%.

(4) This follows from (3) since Yy — )?ZO = Llfn:i+1)?,‘§l.

Theorem 4.10. (¢f. [LZ22a, Theorem 5.3.2]) For any 0 <i < d+ 1 and any s > 1, we have
(1) The space of Tate classes H*(Yy)(i)7 =1 is spanned by the cycle classes of the irreducible

components of X;.
(2) Let H*(Yy)(i)1 C H?(Yy)(i) be the generalized eigenspace of F*° for the eigenvalue 1. Then
H?(Yg) ()1 = H?(Ya) (i)7"=".

Proof. The proof is the same as [LZ22a, Theorem 5.3.2] with Lemma 4.9 O

Proof of Theorem 4.5. Here, we follow the proof of [LZ22a, Corollary 5.3.3]. For N and NJL”}, this
is from [LZ22a, Corollary 5.3.3]. For MY and J\/}[anl], note that AV and A1 are isomorphic,
so we only need to consider the case N, By [Chol8, Theorem 1.1], we have (4.1):

1
/\/'Lled = Up1(A)>2YA U Up 4(a)=0PR

and any curve C' in ./\/;[Ll]r .q lies in some Y ~ Yj or the projective space P’} for some vertex lattice A.
If it lies on Yy, then by Theorem 4.10, the cycle class of C' can be written as a Q-linear combination
of the cycle classes of the irreducible components of X 1 and these are projective lines. Similarly,
if it lies on P}, then by the Chow group of P, we have that the cycle class of C' can be written
as a Q-linear combination of projective lines. This finishes the proof of the theorem for Nr[Ll] and

=

For Nf}, we know that the irreducible components of N, f},ed are }P’% for vertex lattices A, and
hence by the description of Chow group of IP’%, the cycle class of C' can be written as a Q-linear
combination of projective lines. Moreover, the projective lines here can be realized as images of
embeddings of projective lines in sz.

Finally, the finiteness of curves is from Lemma 2.7. This finishes the proof of the theorem. [J

5. WEIGHTED REPRESENTATION DENSITIES AND CONJECTURES

In this section, we first recall the definition of weighted representation densities and formulas
from [Cho22b, Section 3.1]. Then, we will recall the conjectural formula in [Cho22b, Conjecture

3.17, Conjecture 3.25].
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We denote by * the nontrivial Galois automorphism of F' over Fy. We fix the standard additive
character ¢ : Fy — C* that is trivial on Op,. Let VT (resp. V) be a split (resp. non-split) 2n-
dimensional hermitian vector space over F and let S((V*)?") be the space of Schwartz functions
on (V)27 Let V,, be the split hermitian space of signature (r,7) and let L,., be a self-dual lattice
in V,.,. Let ¢, , be the characteristic function of (LM)M. Let (Vi)[r] be the space VE @ V. For
any function ¢ € S((V*+)?"), we define a function ¢l'l by ¢ ® ¢,.,, € S((V*F)I1)2").

Let I';, be the Iwahori subgroup

I, = {’7 = (’yij) S GLn(OF) ’ Yij € wOp if i > ]}
We define the set V,,(F') and X,,(F) as follows:
Va(F) ={Y € Mypn(F)|'Y* =Y},
Xo(F)={X € GL,(F) | *X* = X}.

For g € GL,(F) and X € X,,(F), we define the group action of GL,(F) on X,,(F) by g- X =
gX'g*. For X, Y € V,(F), we denote by (X,Y) = Tr(XY). For X € M, ,(F) and A € V,,,(F), we
denote by A[X] =! X*AX. For a hermitian matrix A € X,,(F), we define

P .
IQT

Now, let us recall the definition of usual representation densities.
Definition 5.1. For A € X,,,(Of) and B € X,,(OF), we define Den(A, B) by
Den(4, B) = lim (Y= {z € My, (Op/m%0r) | Alz] = B(modr?)}.
Now, let us recall the definition of weighted representation densities in [Cho22b].

Definition 5.2. [Cho22b, Definition 3.1] Let 0 < h,t < n. Let L; be a lattice of rank 2n in V' if
t is even (resp. in V™ if ¢ is odd) with hermitian form

Iy
At = ( 2 ¢ 1 ) .
s It

Let 15, € S((V*)?") be the characteristic function of (L)?"~" x L.
For B € X5, (F), we define

WiaB. (-2 = [ ] VY, AT [X] = B (X)axaY.
VQn(F) M2n+2'r,2n(F)
Here, dY (resp. dX) is the Haar measure on Vs, (F') (resp. Maptor2n(F)) such that

/ dY =1 (resp. / dX =1).
Van(OF) Moy 2r2n(OF)

The functions Den(A, B) and W}, (B, r) have the following formulas.
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Lemma 5.3. ([Hir00], [Cho22b, Lemma 3.5]) For A € X,,(F) and B € X2, (F), we have that

G(Y, B)F(Y, Al'ly

Den(Al"), B) = Z

yversanry  A(Yil20) ’
_ G(Y, B)Fu(Y, A"
Wh,t(37 (_q) QT) = Z ( OL(%/hF( ) : )
Y €Tz, \ Xa (F) 1t 2n

Here, we define F(Y, Al'l), F,(Y, Al[f]), and G(Y, B) as follows:

FOAD = [ iy P ATEDIX,

Fu(v, Ay = Y((Y, AT X)) 1 (X)dX,
M2n+27‘,2n (F)

G(v.B) = [ w({v.~Bl))dy

Tan

where dvy is the Haar measure on May 2,(OF) such that [y, an(Op) &1 = 1.

Also, we define a(Y:Ta,) by a(Y;T2p) = limg_ye0 ¢ 4" Ny(Y; Tan), where Ng(Y;Tapn) = |{y €

Lo (mod 7)1y - Y = Y (mod 7%)}|.

Definition 5.4. For r > 0, A € X, 12.(Or), and B € X,(Op), we can regard F(Y, Al"),

Den(Al", B), Fu(Y, Ay]), and Wy (B, (—¢)~%") as functions of X = (—¢)~%". We define

d . d :
F(Y,A) = — = FO A o, and F (V. A) = — o Fi(V, A [x-.
Also, we define
d d
Den’(A, B) = —d—XDen(A,B;X)\le, and W}, ,(B) = —d—XWhyt(B,r)b(:l.

Definition 5.5. [Cho23, Proposition 2.7] For 0 < i, h < 2n, we define the constant 3! by

H (1—zp)

h 1 1<m<2n,m#i+1
Bi = RIARN ) )
1T (Tm — Tiy1)
1<m<2n+1,m#i+1
where
app = (—q)MHTIE=R) gy = (gt 1<i<m;
i = (—q) P, gy = (g 1< < om
Aon41,h = 1, Ton+1 = 1.

Now, we can state [Cho22b, Conjecture 3.17, Conjecture 3.25].

Conjecture 5.6. [Cho22b, Conjecture 3.17, Conjecture 3.25]

For a basis {z1,...,Z2n—m,Y1,---,Ym} of V, and special cycles Z(x1),...,Z(xon—m), Y(y1),- ..

V(Ym) in NQ[Z], we have
1
Whn(Ap, 1)
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Here, x is the Euler-Poincaré characteristic, @ is the derived tensor product, and B is the matriz

B < (i, 25) (i, m1) ) .
Wk z3) - (Y 1) 1<i,j<2n—m,1<k,I<m
Assume that special homomophisms {x1,x2, ..., Znin, Y1, ., Yn—n} has the hermitian matrix:
T

({L‘i,l’j) (‘/Eivyl) o
1<i,j<n+h, = In ,

(5.1) B=
(k> zj) (ko) | 1<ki<n—h

W_lln—h

for some n x n matrix T'. Then, by Proposition 2.6, the arithmetic intersection number of special
cycles X(./\/'Q[Z}, Oz(z)) Q... ok Oz(z,.,1) Qk Oy () QL. .. gL Oy(y,_,) in NZ[Z] can be identified with
Inty, 4 (T') = Inty, 4 (L) = X(./\/;[lh], Oz(zy) O -+ @ Oz(y,)) in Ny[lh], where L = Spang {71, -, Tn}.
We note that the valuation of the determinant of B and h+1 have the same parity. Now, Conjecture

5.6 is specialized to the following conjecture.

Conjecture 5.7.  Consider a basis {x1,...,Tnih, Y1, Yn—n} of V with moment matriz B as
in (5.1). Let L = Spang, {z1,--- ,2n}. Then

L B Y AW (B D)}

5.2 Ity (L) = Wty n(T) = w7 AWy nn
( ) Wn,n(Ana 1) 0<i<n—1

Note that Int, ;(L) is exactly the intersection number considered in Conjecture 1.3. We show
the analytic sides of Conjectures 1.3 and 5.7 also match in §6 (see Corollary 6.7).

6. CHO-YAMAUCHI CONSTANTS

In this section, we will modify the result of [Cho23] to get the Cho-Yamauchi constants in the
case of Ny[lh}. More precisely, we want to write the conjectural formula for the arithmetic intersection
numbers of special cycles x(/\/}[Lh], Oz(z) @ @ O0z(,)) in NI a5 a linear sum of representation
densities. First, we start with the following proposition.

Proposition 6.1. Assume that B is of the form in (5.1). Then, we have

T
é—h,n(B) _ q—4n2+(n+h)(n—h)Den(7TAn, In_h)Den'(In-i-h,m ( I, ))
= ¢ A= Den (1 Ay, T_p)Den(Ingp p, In)Den! (I 1, T).

Proof. One can use a similar method as in [KR11, Corollary 9.12] to prove this. For example, see
[Cho22b, Proposition A.3, Proposition A.4, (A.0.4), (A.0.5)]. O

Note that in Proposition 6.1, the terms Den(wA,,, I,,—p) and Den(l,,4p n, I5) are constants, and
Den'(I, 5, T) is the derivative of a usual representation density. Now, by [Cho23], this can be
written as a linear sum of usual representation densities. Let us follow the steps in [Cho23, Section
4.1]. For this, we need to introduce some notations.

Definition 6.2.
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(1) We write R, for the set R, = {Yo. | (0,€) € Sy x Z",0% = 1,e; = e,(;), Vi}, where S,
is the symmetric group of degree n, and Y, . = oDiag(n®', 7, ..., 7). Then R,, forms a
complete set of representatives of ')\ X, (F).

(2) We write ROT for the set ROt = { A= (A,..., ) €Z" [ A\ > - > )\, > 0.

(3) For A € RY*, we define Ay by Ay = Diag(n™, 2, . 7hn).

(4) For A= (A1,...,\n) € RUT, we define |A| by |A| = X0, A

Definition 6.3 (Cho-Yamauchi constant). Assume that B is of the form in (5.1). For A\ € RY*,
we define D), ,(A) to be the constant satisfying

1 _ Den(Ay,T)
7 Wiena(B) = B Wana(B 1)} = D DN g— 1oy
Wn,n(Ana 1) nn 0<§L_1 t " /\6272:2+ " Den(A/\, A/\)

The existence and uniqueness of these constants are from [Cho23]. The constant D, ;(X) is a

version of the Cho-Yamauchi constant in [CY20].

Remark 6.4. In N(1,n — 1), let L be a rank n Op-lattice generated by special homomorphisms
T1,...,ZTnin V. Assume that T is the hermitian matrix of L. Then, the valuation of the determinant
of T and h + 1 have the same parity. Therefore, in Definition 6.3, the terms Den(Ay,T') such that

val(det(Ay)) = ZA # h + 1(mod 2)

are always equal to 0.

— > BTMWin(B1)

0<t<n—1
Wn,n (Anv 1)

Now, let us compute the correction terms

Proposition 6.5. Assume that B is of the form in (5.1). If n —h <t <mn— 1, we have
Wi ni(B,1) = ¢+ WG=2=M Do (r A, 1, ) Den(Inihi—nin, In)Den(Ins—nin, T).
If t <n— h, we have that W,,_p,+(B,1) = 0.

Proof. One can use a similar method as in [KR11, Corollary 9.12] to prove this. For example, see
[Cho22b, Proposition A.3, Proposition A.4, (A.0.4), (A.0.5)]. O

Proposition 6.6. Forn—h <t <n—1, we have

(n—t)(n—t—1—2h)

B "Woune(B,1) _ —(=¢) 2 Den(lypns+nT)
Wn,n(Ana 1) 1- (_Q)_(n_t) Den(In,t—n—I—ha In,t—n+h)
Proof. This follows from Definition 5.5, [Cho22b, Proposition A.4], and Proposition 6.5. O

Combining Proposition 6.1 and Proposition 6.6, we get the following corollary which compares

the analytic sides of Conjecture 1.3 and Conjecture 5.6.

Corollary 6.7. Assume that B is of the in (5.1). By Proposition 6.1, Proposition 6.5, Proposition
WinB)= 3 B Wi (B, 1)}

0<t<n—-1

6.6, and [Cho22b, Proposition A.4], we can write ————
| P ] W (A, 1)
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in terms of usual representation densities as follows:
1
T AW (B) — B "W—na(B, 1)}
Wn,n(An, 1) nia 0<t;n—1 ! "
Den' (1,5, T) | "= (- L2420 Den(l,, 5, T)

_ —q
Den(In,ha In,h) l;) 1=(=q)~=h) Den(Inyk, In,k) ’

By Corollary 6.7, Conjecture 5.7 can be rewritten as follows.

Conjecture 6.8 (Z-cycles in N,[Lh]). For a basis {z1,...,xn} of V, and special cycles Z(x1),...,Z(xy)
(1]

in Nn ', we have

M Den (I, 1, T)
n,ks

Den h —
N[h}, 19) L. ..<«oL 9] — ” ’ q) .
(N 2 @ @ Z(In)) Den(In h» In h + kzo <h R Den(In,ka In,kz)

Here, x is the Euler-Poincaré characteristic and @ is the derived tensor product. Also, T is the

matriz T = ( (xi, z5) )1§i7jSN‘
Proposition 6.9. Conjecture 1.3 is equivalent to Conjecture 6.8.

Proof. The intersection numbers from both conjectures are by definition the same. Hence we only
need to show the analytic sides of both conjectures agree. By Corollary 6.7, we only need to show

f_h from Conjecture 5.6 is the same as ¢, from Conjecture 1.3. Since the ¢, is characterized
by 0Pden,, j,(I,;) =0 fort <h—1and t =h+1 (mod 2), we only need to show Dy, ,(In¢) =0
for t <h—1andt = h-+1 (mod 2). This is proved in Proposition 7.6 via a method we used
throughout §7, so we postpone the proof. O
Remark 6.10. Before we start to find the constants D, (), let us provide a brief explanation
W, hn(B)
Win(Ap, 1)
Den'(I, 4, T). Also, we know how to write Den’(Z,,T') in terms of a linear sum of representation

densities by [CY20] and [LZ22a, Theorem 3.5.1] (see Proposition 6.15 below).
Now, we consider Den’(I,, , T) — (—¢)"*Den’(I,,, T). Then, it is possible to write the difference
between these two in terms of a certain linear sum of representation densities (see (6.7)). There-

of the forthcoming steps. By Proposition 6.1, we know that is a constant multiple of

fore, we can use the linear sum expression of (—¢)""Den’(I,,, T) and the difference Den’(I,, ;,, T) —
(—q)™Den’(I,,T) to find all constants Dy, ,(\). This is what we will do in the next few pages.

Definition 6.11. (1) For Y € R, we define to(Y) = [{e; | &, > 0}|, and for £ > 1, we define
t(Y) = Hei | e = =k}
(2) For n € Ry*, and k > 0, we define t;(n) = [{n; | n: = k}|, and t>k(n) = [{n: [ m = k}|.
(3) For Y € R, we define t(Y) = (to(Y),t1(Y),...). Similarly, for n € R, we define t(n) =
(to(n), tr(n), - .. )-
t1()\) to()\)
Definition 6.12. (1) For A = (\,1,...,1,0,...,0) € RO, and 0 < s < tg(A), we define
t1 (/\)+S to(/\)fs
,—/H .
AF = (\1,...,1,0,...,0), by replacing s zeros by s 1’s.
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tl()\) to()\) tl()\)—s to()\)—O—S
_ —— — _ —— ——
(2) For A= (\,1,...,1,0,...,0) € ROt and 0 < s < t1(A), we define \; = (\,1,...,1,0,...,0),
by replacing s 1’s by s zeros.
(3) For 0 <! <mnand A € R such that to()\) > [, we define A\V* as the element in R2", such

that A = (A\V2,0,...,0).
Definition 6.13. Assume that k >0, a,n € RY", Y € R and t(n) = t(Y).
(1) We define By (Y) = Zmin(o, e; + k) —min(0,e;), and Bg(n) = Zmin(k,m).
(2) We define B, (Y) = ZB% (Y), and B,(n) = ZB% (n).

2

(3) We define f(Y) by f(¥) = IJ;(—q)" (0.
By Lemma 5.3 and the fact that R,, forms a complete set of representatives of I\ X,,(F'), we
have that for A € R2*,

Q(Y, B)‘F/(Ya In,h)
aY;Ty) 7

(6.1) Den'(Iyp, B) = >
Y€ERA

, _ Gg(Y,B)F(Y,1,)

(6.2) Den'(I,,B) = Yean ATy
B Gg(Y,B)F(Y,A))

(6.3) Den(A)y, B) = YEERn oY) A

By [Cho23, Lemma 3.2, Section 3.2], we know that F'(Y,I, ;) can be written uniquely as a
linear sum of F(Y,A)), A € RYF. As in the proof of [Cho22b, Lemma 3.15], for Y = Y, =
oDiag(7, ..., m"), we have that (cf. [Cho23, (4.1.1)])

0 if to(Y) = 0,
(Z min(0, ¢;)) f(Y)((=¢)""V = (=¢)"") if to(Y) = 1,
J

F (Y, Inp) = ()" F (Y. 1) = (Zmin(O,ej))f(Y)((—q).h(”*k)—(—q)h") if to(Y) = k,
J

(> min(0,¢;)) f(Y)(1 = (=¢)") if to(Y) = n.
J
Now, let us define the following constants and matrices.

Definition 6.14.
(1) (cf. [Cho23, Lemma 4.4]) For 0 < i <, we define constants d;; by

—in 1
d=0 1 =g
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doo dor ... don

0 d coo dip
(2) We define the upper triangular (n+1)x (n+1) matrix A by A = i _11 1
0 0 . dpn
1 (=g (—a)*"
1 (7q)2n—1 ( )l(2n 1)
(3) For I <0, we define 9 by I, :
1 (_q)Qn—l (_q)l(Qn—l)
(4) For 0 <i,j < n, we define constants A;; by (Aij)o<ij<n = MpA.
Ko 0
K —q h(n—1) _ —q hn
(5) For 0 <i < n, we define constants C; by (A;;) .1 = - i (=)
Kn 1— (—q)h"

Proposition 6.15. [Cho23, Proposition 3.3, Proposition 3.4] We define the following constants.

(1) For a € RY" such that Y a; =odd, we write Co for Co = Hzll(a)_l(l — (—q)%). Here, we

define Co =1 if t>1(a) = 1.
(2) Fora € RY" such thaty" a; =even and a # (0,0, . ..,0), we write Cy, for Co = — Ht>1 (1—
(—q)"). Here, we define Co = —1 if t>1(a) = 1. Also, if « = (0,0,...,0), we define
c Den'(I,,, I,)
“ " Den(lp, 1)’
Den’(I,,B) Z c Den(A,, B)

Th have that = “Den(Ay, Ay)
en, we have tha Den(I,, I Den(Aq, Aa)

Using Definition 6.14 and Proposition 6.15, and following [Cho23, Section 4], we have the fol-

lowing equation.

(6.4)
Den(I,_;, I,
FUY, Inp) — (—)"™F' (Y, 1,,) Z/cl{ > Cavi gy (A ZA > daFo( (Y, Ay}
=0 )\ER%+,t0(Y)Zl en( AVLs )‘vl)0< i<l

Now, we have the following lemma.

Lemma 6.16. (c¢f. [Cho23, Lemma 4.5]) Fori =0 and h+1 <i <n, K; =0. Also, dp,;,Kp, =1
and for 1 <1l < h—1, we have

1— (7q)—h+l—1
dh—1h—1Kh—1 = (—q)" ——dn—1+1,p—141Kn—141.
1—(—q)
Proof. The proof is almost identical to the proof of [Cho23, Lemma 4.5]. O

Now, we are ready to write the following proposition on the constants Dy, ().

Proposition 6.17. (c¢f. [Cho23, Theorem 4.7]) For 0 < h < n and A € RY" such that \ #

(1t,0™ —t),t < h — 1, we have
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(6.5)
"L (= (=97

Dy, (N = — Ca
o= (=) O I (1 = (—9)7)
+ Z (_q)n(h—z)—‘r(i—s)(2n—i+s+1)/2—h2+s(2n—2to()\)—s) (_1)i+h
1<i<h

max{i—to(X),0}<s
<min{i,t1 (\)}

P - (9™ L M- (=97
- (o DI (- (o) T - (o) DTS - (—) )
I=to(X) —I\ =t (V) -1
=1 (1—-(=q)7") =1 (1—-(=q)7")
IR (g D [ (gD O

Here, we choose the following convention: for k <0, we assume that [[}_;(*) = 1 and Y2F_, () = 0.

( )7(h7t)(h+t+1)
If X = (14,0, t < h —1, then Dy p()\) = the right hand side of (6.5) + I 1 S In
—{=q
particular, Dy, ,(X) depends only on n, to(N), t1(N), and the parity of >-; \;.
Remark 6.18. Note that when h = 0, the sum Z (%) in (6.5) is empty, and

1<i<h
max{i—to(A),0}<s<min{%,t1 (\)}

hence Dy, o(A) = C\ which is obvious by construction. Therefore, Proposition 6.17 decomposes D, p,
into a weighted summation of D,, o, which is the Cho-Yamauchi constant in the good reduction

case.

Proof of Proposition 6.17. The proof is almost identical to the proof of [Cho23, Theorem 4.7];
therefore, let me just write which parts are different. First, note that for B € X,,(F) of the form
n (5.1), Proposition 6.1 implies that

ronn(B) g 0N Den (1 A, 1, _p)Den(Inyp p, In)Den! (I, 1, T)

(66) Won(An, 1) Wi (An, 1)
Now, by (6.1), (6.2), (6.3), and (6.4), we have
(6.7)

Den(7,,_y, I,
Den(A,v,, A)\vl)

Z dlDen AA+,T)}
0<i<l

Den' (I, T) = (—=¢)""Den (L, T) + > _Kil Y. Cyw
=0 XeROT to(Y)>1

Now, we can easily follow the proof of [Cho23, Theorem 4.7] by using Lemma 6.16, (6.6), and

(6.7). Also, for A = (1t,0"7%),t < h — 1, we use Proposition 6.6. O

Note that D,, () depends only on t>2(\), t1(A), to(N), and the parity of >°; A;. Also, by Remark
6.4, we only need to consider A such that > ; A\; = h+ 1 (mod 2). Also, later on, we will establish
inductive formulas relating Dy, () for A with different ¢>2(\),¢:(\) and to(X). So we introduce

the following notation to streamline the computation.

Definition 6.19. Assume that h,n,a,b,¢,i,5,s > 0,0 < s < i < h <n, 0<j <n, and

n=a+b+c.
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(1) If ¢ # n, we write Cj((/z, b, c) for Cj(a,b,c) = (—1)7H T[4~ (1—(—¢q)?). Also, if ¢ = n, we de-
fine C;(0,0,n) = m. Then, for A € RyT, we have that Cy = Cjy (t>2(N), t1(A), to(A)).
(2) Let M, p(a,b,c,i,s) be the constant
Mn,h(aa b,c,i,s) :(_q)n(h—i)+(i—s)(2n—i+s+1)/2—h2+8(2n—2c—5)(_1)i+h
(= (=9 y s (1= (=)
(= (o)L~ (o)) TS A~ (oD IS~ (—a)7)
ey (1 = () DT, (1= (—a) )
it () HIZ A~ (=)
(3) For (a,b,c) # (0,t,n—1t),t < h—1, we write D,, ,(a,b,c) for
Dy, p(a,b,c) = Z My p(a,b,c,i,s) = Z My pn(a,b,c,i,s).

0<i<h 0<s<min(h,b)
max(i—c,0)<s<min(i,b) s<i<min(s+c,h)

(4) For (a,b,c) = (0,t,n—t),t <h—1,t=h+1 (mod 2), we write D,, ,(a,b,c) for

—(h—t)(h+t+1)
(—q) 2

- (cg) 0

X Chy1-s(a,b—s,c+s—1).

Dnyh(O,t,n — t) = Z Mn,h(aaba C,i,S) +
0<s<min(h,b)
s<i<min(s+c,h)

Proposition 6.20. For A € R, we have that

Dy n(A) = Dy p(t>2(N), t1(A), to(A))-

Proof. This follows from the definitions of M, j,(a,b,¢c,1,s), Dy x(a,b, c), Proposition 6.17, and the
fact that T l
"M (1= (=¢)7)

Man(a;b,¢,0,0) = [T (1= (=) H I (1 = (—¢)7)

Ch+1 (a7 b7 C) :

7. INDUCTIVE RELATIONS AMONG CHO-YAMAUCHI CONSTANTS

In this section, we will prove some inductive relations among D,, ,(A). The main result of this
section can be summarized as follows: Let 0 < a,b,c,h,<n, a4+ b+ ¢ = n. Assume further that
(a—1,b+1,¢) # (0,h,n — h). Then, we have the following result.

(1) (Theorem 7.4) If c <n — h and a > 1, then
D, p(a,b,¢) = Dypp(a—1,0+1,¢) = —(—q)2”_h_1_b_2CDn_17h_1(a —1,b,0).

(2) (Lemma 7.5, Proposition 7.6) If ¢ > n — h, then D,, ,(a,b,c) = 0.
(3) (Theorem 7.8 (1)) Assume that a =0 and h 4+ 1 < b. Then, we have
[=p1 (1~ (=0)")

(1= (=)"")
(4) (Theorem 7.8 (2)) Assume that a =1 and h — 1 < b. Then, we have
1 ifb=h—1,h;

[T (1—(—q)h) ifb>h+1.
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Here, the main reason for excluding the case (a — 1,0+ 1,¢) = (0, h,n — h) is because it is not

necessary by Remark 6.4. First, let us prove the following lemma.

Lemma 7.1. Let 0 < a,b,c,h<n,a+b+c=mn, and 0 < s < min(h,b).
(1) If c<n—h and (a,b,c) # (0, h,n — h), we have that

min(s+c,h)

Z My, n(a,b,c,i,s)

N

S

(_1)n+c+s+1(_q)§+§—h2,%70n+hn+§fch+%77

R G I N i O B G B | O G U

IS0 - () DI - () DI 0~ () DI (- () D)

(2) If c>n—h and a # 0, we have that me(Hc h) My n(a,b,c,i,s) =0.

Proof. By our assumption, we have that (a,b—s,c+s—i) # (0,0,n—3) for any : < s < min(s+c, h).

Therefore, by Definition 6.19 (1), we have that
Chi1-s(a,b—s,c+s—i) = (D" (1 — (=)

:( 1)n+c+h+1( q)(n c—s—1)(n—c—s)/2 H?:_lc_s_l(l_(_Q)_l)7

which is independent of i. Also, by Definition 6.19 (2), we have that

My p(a,b,c,i,s) = Chyp1-s(a,b—s,c+ s — )Y, n(b, ¢, ) Xy n(c, 1, 5),

)

where
c b
. [Ha-oHI[a- (o™
Yn,h(b7 Cy S) = (_1)h(_q)7h2+hn7%73%7208+n8 n—h = s = b—s
[Ha-EoH[[A - (o) H][O - (=)
=1 =1 =1
(1~ 5[0 - (o))
Xﬂ,h(cﬂ L, S) h—i i—s = c—i+s
[Ha- o HI[a- (= I ==
=1 =1 =1

Now, we note that Lemma 7.1 follows from the following claim
(7.1)

,n—h n—s—c
(-1 (=g) Mt [T - (=)™ IT = (=07
min(s+c,h) h—s - =l n—h—cl:1
2. Knaleris) = [[0- o[- o) IT - (o™
=1 =1 =1
0

\
Therefore, it suffices to show that (7.1) holds.

If h = s or ¢ =0, then (7.1) holds by direct computation.
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Now, assume that ¢ > 1 and h > s. In Lemma 7.2 below, we will prove that

minteh) X n(eviys) | (—q) (1 — (—g)~r=h)y MM X (e — 1,4, 5)

7.2 = ‘
(72) ; Xn.n(c, s, ) 1— (—q)~(n=9) P Xn-1n(c—1,s,s)
Assume (7.2) holds for now. Then we are ready to prove (7.1).

If ¢ <n — h, by applying (7.2) repeatedly, we have that
min(s+c,h . n— —{\ min(s+0,h
(i )M _ (_q)—c(h—s) Hl:r?—hfcﬂ(l — (=™ (ZJE ) Xn—cn(0,14,s)
i=s Xn h( 5, 8) Hln:irffsfc+1(1 - (_Q)il) i—s XH*C,h(Ov S, 5)
n—h —
_ (_q)—c(h—s) Hlinfhfc+1(1 - (_Q) l).
s e = (=0)7)
2
—1)5(— S+ n=s(1 _ (_q)"!
Combining this with X, ,(c,s,s) = (h s) (za)>> lHl r= (=g )l , we see that (7.1) holds
571 = (=)™ ) 1= (1 = (=9)7)

when ¢ <n — h.
Now, assume that ¢ > n — h. By (7.2), we have that
min(s+c,h . n— _ .
S Xanesiss) ooy TS = o™ M Ko —not his)
i=s Xnvh(c’ o S) Hl h— S—l—l( (_q)_l) i— Xth(C —n+ hv S, 8)

1=Ss

min(s+c—n+h,h)

min(s+c—n-+h,h)

X — h.i
Therefore, it suffices to show that Z thh(c n+h,i,s) _
i=s ha(c—n+h,s,s)

Note that s < min(h, b) and hence s+c¢ < b+c¢ < n. Therefore, min(s+c—n-+h,h) = s+c—n—+h.
For simplicity, let us write  =c—n+h > 1.
We claim that

%ﬂXh,h(c’,i,s) (_Dk(_q)_@ Hf:c,l_k(l - (=97

(73) - M- (-9

= Xnn(css,5)

s+c!
X
which specializes to Z M
i=s h h(C ) S,y 5)

Therefore it suffices to prove (7.3). We prove this by induction on k. By definition, we have

=0, when k = ¢.

Xnn(c,s+k,s) k  hlec1) Hzclzc/_k+1(1 — (=97
Xnn(crss) D) T (1= (=) )

SH)(hh(c i,8)
When k£ = 0, both sides are 1. When k£ = 1, 27 =
Xnn(c,s,s)

assume that (7.3) holds for k. Then, we have

s+k+1 . o1 4
Xnn(ci,8) Nk _@Hz:d—k(l—(—ﬂ ) Xnpn(d,s+k+1,s)
; Xnn(,s,9) (=1)"(—q) T (- 2D + X 5]
-1 1
= (=1t (= fwnl 11— (=a)7")
(=1)""(=q) T 0 o)

This shows that (7.3) holds and finishes the proof of (7.1), and hence the proof of the lemma. [
32




Lemma 7.2. For ¢ > 1 and h > s, the function X, (c,i,s) (defined in the proof of the Lemma
7.1) satisfies

aay S Kslei) | () 070 (g ) R e i)
' Xon(c, s, s) 1— (—q)~ (=9 Xn—1n(c—1,s,5)

1=s 1=s

Proof. To prove (7.4), we define Z,, ;(c, j, s) to be

Gt | (= (=)™ J inl=(=9)™
g f(l_(_ )~ )Hl =n— ]+1( (_Q)_l)
Note that if ¢ > 1 and h > s, we have that min(s + ¢, h) > s.

Now, we claim the following statement: for k£ > 1, we have

(15 3 Xanlehs) (97070 (o)) RS X nle = Livs)
. )(nﬁ(c7 5, 5) 1— (_q)*(nfS) X,

i—s i—s n—l,h(c_ 17578)

Zn,h(ca Js S) = (_1)j—s(_q)

= Znn(c, s+ k,s).

By definition, we have that
Xn,h(c, i, 5) _ (71>z’—3(7q
Xn.n(c, s, )

If k=1, (7.5) holds by direct computation.
Now, assume that (7.5) is true for k, then it suffices to show that

)_WHLQHSHO (—q)~ )Hl he z—}—l( (_Q)il).
H;;i(l_(_ ) l) Hl n— 7,+1( (_Q)_l)

Xon(c,s+k+1,s)
(h—s) X?’h(hc)’ >2)
—q) "1 = (—q) ") Xy p(c =1, s+ k, s
-9 T ((_q)((n)s) ) Xn1(,h(c “1ss) ) 4 Znp(c,s+k+1,s).

Indeed, we can show that (7.6) holds by direct computation, and hence (7.5) holds.

Now, we are ready to prove (7.4). When h > s + ¢, we have that min(s 4+ ¢,h) = s + ¢ and
min(s + ¢ —1,h) = s + ¢ — 1. Also, note that Z, (c,s +¢,s) = 0. Now, (7.5) implies that (7.4)
holds when h > s + c.

When h < s+ ¢ — 1, we have that min(s + ¢,h) = h and min(s + ¢ — 1, h) = h. Therefore, by
(7.5), we have

Znn(c,s+k,s)+
(7.6)

sminsten) Xnn(eds) ()71 = (@) ") smingere1) Xnoan(e = L s)
1=8 (n 3)

Xnn(c, s, s) 1—(—q)~ i=s Xn—1n(c—1,s,s)
—q)~ (=) (1 — (=)~ (»=h)) X _ —1.h
g ens) - GO Co ) Ko L)
’ 1— (—q)~(n=9) Xn—1n(c—1,s,5)
This finishes the proof of the lemma. O

Lemma 7.3. Let 0 < a,b,c,h < n,a+b+c=mn, and 0 < s < min(h,b). Ifc < n—h and
(a,b,¢) # (0,h,n — h), we have that

me(Hc h) My pn(a,b,c,i, s) Zmin(s+c’h) My p(a—1,b+1,c¢,1,5)

1=s 1=S8

4+c—1,h—1 .
:_( q)2n h=1-b= ZCZ?H? 310 )Mn—l,h—l(a_17bac7z7s_1)'

Proof. This follows from Lemma 7.1 (1). O
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Theorem 7.4. Let 0 < a,b,c,ch<nanda+b+c=n. Ifc<n—h,1<a, and (a—1,b+1,c) #
(0, h,n — h), we have that

Dy p(a,b,¢) — Dpp(a—1,0+1,¢) = —(—q)gn_h_l_b_Qch_l,h_l(a —1,b,0).

Proof. First, by Lemma 7.1, we have that

min(0+c,h) 2 s 2
S M) =(1) 5 (g g

e G ol e O G V)
P = (=) ) T (1 = (—9)7h)
Since this does not depend on a, b, we have that Zmlg (O+e.h) My 1(a,b,c,i,0) = Z?;ig(oﬂ’h) My, h(a—
rnln(h b)min(s+c,h)
1,b+1,¢,1,0). Since Dy, 4(a, b, c) Z Z My, 1(a,b,c,i,s), we have that

Dn,h(aa bv C) - Dn,h(a - ]-a b + ]-’ C)
min(h,b)min(s+c,h) min(h,b+1)min(s+c,h)

Z Z Mn,h(a) ba C,i,S) Z Z Mn’h(a_ 1,b+ 1,0,7:,5).
s=1 =5

Now, assume that h < b. Then min(h,b) = h, min(h,b+1) = h, min(h—1,b) = h—1. Therefore,
by Lemma 7.3, we have
h  min(s+c,h) min(s+c,h)
D, p(a,b,¢) — Dy pa—1,0+1,¢) Z{ Z My n(a,b,c,i,s) — Z My p(a—1,b0+1,¢,4,5)}

_ min(s+c,h— 1)
Z 2n h—1—b—2c Z Mn—l,h—l(a —1,b,c¢,1, S) — _(_q)Qn—h—l—b—Qch_Lh_l(a —1,b, C).

This finishes the proof of the theorem when h < b.
Now, assume that A > b. Then min(h,b) = b, min(h,b+ 1) = b + 1. Therefore, by Lemma 7.3,

we have that

(7.7)
Dnh(a b,c) — Dy p(a—1,b+1,¢)
min(s+c,h—1) min(b+14-c,h)
_Z g)n—h=i=b=2e  N™p (@ 1,bc,d,s) — > Mypla—1,b+1,¢4,b+1).
- i=b+1

By Lemma 7.1, we have that
min(b+1+c,h)

- Y. Muypla—1,b+1cib+1)

i=b+1 ,
_ _(_1)n—1+c+b+1(_q)zn—h—1—b—2c+§+§—(h—1)2—"Tfl—c(n—1)+(h—1)(n—1)+@—c(h—1)+§—§

" O Ol G V) ) R O G )
n—1)—(h—1)—c
12 T = () IS - ()

min(b+c,h—1)
= —(—q)2h1-b-2 Z M1 p—1(a—1,b,¢,i,b).
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Therefore, since min(h — 1,b) = b, (7.7) can be written as
Dyp(a,b,¢) — Dpp(a—1,b+1,¢) = —(—q)*"=1=0=2¢D, 14 1(a —1,b,¢).
This finishes the proof of the theorem. O
Lemma 7.5. Let 0 < a,b,c,h<n,anda+b+c=mn. If c>n—h and a # 0, we have that
Dy, p(a,b,c) = 0.
Therefore, for A € RYT such that to(\) > n — h, and t>2(\) # 0, we have that
D, n(A) =0.
Proof. This follows from Lemma 7.1 (2), Definition 6.19 (3) and Proposition 6.20. O
Proposition 7.6. For 0 <t<h—1,t=h+1 (mod 2), and A = (1¢,0"t) € R, we have that
Dy, (M) = 0.

Proof. First, by Proposition 6.20, we have that

( )M

_ 2

Dy n(A) = Dy p(0,t,n —t) = Z My n(a,b,c,i,s) + - q =
0<s<min(h,b) N (_q)

s<i<min(s+c,h)

Before we start the proof of the proposition, let us say why we consider this case separately.
Recall from Definition 6.19 (1) that C;(0, 0, k) is defined separately. If X is not of the form (1¢,07%),

t < h, these constants C;(0, 0, k)’s do not appear in the sum Z M, n(a,b,c,i,s). However,

0<s<min(h,b)
s<i<min(s+c,h)

it A= (140", t < h, M, 4(0,t,n —t,4,t) has the term Cp+1-¢(0,0,n — i). Therefore, we need to
be careful when we compute Dy, 4(0,t,n —t).

Now, let us start the proof of the proposition. Recall from the proof of the Lemma 7.1 that we
have My, n(a,b,c,i,s) = Chy1-s(a,b—s,c+s—10)Y, n(b, c,s) Xy n(c,i,5).

Also, by (7.1), we have that

Sty (b =, 8) X (n— £, 8) = Yy p(t,n — t,8) ST X0 — 44, 5) = 0

Also, note that min(h,t) = t and Cpy1-5(0,t — s,n —t + s — i) does not depend on i if s # t.
Therefore, we have that

—(h—t)(h+t+1) h

(—q)— > : ,
D (0,8, =) = =— e Zchﬂ_t(o, 0,n —)Ynn(t,n—t,8) Xpn(n —t,i,t).
1=t

Now, recall that C41-+(0,0,n — i) = >} ( q . This implies that it suffices to show that

—(h—t)(htt+1)
2

LS 1 . (=9)
(7.8) You(t,n—t,1)> ( 3 (_(Dil_l)th(n—t,z,t) =gt

~

=t
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h
Since ZXn,h(n —t,i,t) =0 (by (7.1)), we have that

1=t
h n—i 1 h—t—1 t+k
(79) Z(ZT)X”J%(”_LZJ): Z n T Ntk 1 Zth t,Z,t)
parirl Gl /Dl = (=9

We claim that
t+k ok
; (=D)""(=q)
(7.10) ZXn,h(n —t,i,t) = ———— '
=t ?:f : 1= (=¢9)™ Hf:1(1 — (=)™ H(1 — (—q)~ (1))
Indeed, it is easy to see that this holds for kK = 0. Now, assume that this holds for k. Then, we
have that

(t+k+1)(t—k)
2

t+k+1 . t+k41 (_1)¢(_q>§—§+it
2, X = hbD = 2 e ) T - )
( 1)t+k(_q)w (_1)t+k+1(_q)t“‘%lfw+(t+k+1)t
= ht— —1 k R r—— k+1
H DI = (=9)™H(1 = (=g)~ D) II -9 D[~ (=9
I=1 I=1 =1 =1

(t+k+2)(t—k—1)
2

(_1)t+k+1(_q)
PP = (o) DI (= () (1 = (—g)=(79)
This shows that (7.10) holds.
Now, by (7.10), we have that (7.9) can be written as

(DT E e e
7.11 .
T G G o e T T - oD T o)

In Lemma 7.7 below, we will prove that

h—z:t—l (_1)k(_q)_k(k2—1)
(7.12) S (L= (o) ) = (—g) D T (1~ () )
| G e o N ) B

Hl —n— h+1( — (=)™
Combining (7.11) and (7.12), we have that

—(h—t)(h+t+1)
2

P . —(=q)
Yon(t,n —t, t);(;(_q)il_l)Xn,h(n —t,i,t) = (gD

This finishes the proof of the proposition. O

Lemma 7.7. For 0 <t < h <n, we have

5 N
= (= o ) L0 = (~o) D T 0~ (o))

(h—t)(h—t—1)

0 i o A ) L
Hl n— h+1( — (=)
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Proof. For N > 0, we claim the following statement:

(7.13)
S ) ) ()N X
= (L= (=)~ W=PX) A = () ™) T (L~ (—9) 7)) (- (—9)7'x)

which specializes to the statement of the lemma when X = (—q)~("~"_ Therefore it suffices to
show the claim (7.13).

1 1 1
T o N N
Consider a Vandermonde matrix X = ] _ ) ] ,and let X7 = (yij)1<ij<n-
x]lv_l N_l .. x%‘l
Ne le
Note that y;; is the XN ~J-coefficient of [}, l# .
-

Now, assume that 2; = (—¢)~'. Then, we have that

(7.14) )
N N—1 N-1 k Gl -1
- XN_j —(—1 N—-1/_ w (_1) (_q) 2 — (1 - (_(:7) X)
jgk:oy“v o SR> N = (—g) DT (- ()

N N N
(1 0..0)X=(1 1...1)<=(1 0...0)=(1 1..DX ' =0 v D vin-.. D _uin)
=1 i=1 =1

N N-1

Hence, we have ZZy Ly XN = XN=1 Combining this and (7.14), we have that (7.13)
j=1k=0

holds. This finishes the proof of the lemma. O

Now, let us state the following theorem.

Theorem 7.8. Assume that 0 < h < n.

b l
_ 1—(—
(1) Assume that h+1 < b < n, and b+c = n. Then, we have Dy, ,(0,b,c) = i ( (=) )

(1= (=9)"")
(2) Assume that h—1<b<mn, and b+ c=mn—1. Then, we have
1 b1
Dth(l,b, C) = { b ; Zfb h 7h7
[=p1(1=(=¢q)) ifb>=h+1.

Proof. Recall from Lemma 7.1 that for a =0 or 1 (i.e., b+ ¢ =n or n — 1, respectively), we have
Dy p(a,b,c) = SRt smminsteh) vy (a,b, ¢y, )
— (_1)n+c+1(_q)§+§—h2—f—cn+hn+f—ch I Z ‘1-(=9)7"
(7.15) e
x min (D) (-1)°(-9)>" 7 ?71072%71(1 - (—Q)_l)‘
o= () OIS = (=a)7™)
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First, assume that a =1, b= h — 1, and ¢ = n — h. Then, we have

N
(N

s e

Gl o e G o B oV ) K o) ) A
S M- )HIEE0- (o)) Slia0 =)™ M- (™)
Therefore, we have Dy, ,(1,h —1,n — h) = 1.

Now, assume that b > h. In this case, we have that min(h,b) = h. We claim that
TP Vi ) i i e I GV G it - 0
=olli= (1= (=g DI A = (=9)7) [T (1= (=)™
where N =n—c+a—1.

min(h,b) (

To prove (7.16), we define the following constants: for 0 <k < h, 1 <t <k+1,

(—l)k( q)—(t—l)N+ (t71)2(t72)_(k7t+1)2(k7t+2) Hfi;k(l B (_q)fl)
0 — ()OI (0= () D Iln (1 — (=) )
Wit = 0 ifk=ht+h+1,
(—1)h(—g) PN+ [N (1 — (—g) )
\ 1_[121(1 - ( ) )

t(t—1) (k—t—1)(k—t)

G G e AR S G _
1= (=) I = (=) D i (1= ()7
We claim the following two equations: for k> 1,2 <t <k, we have

(=D)*(=q) HN 1= (=97
(47 Mea(— O D0 - ()

ifk<h-—1,

ifk=ht=h+1,

Tkt =

k_
2

+ Wg-1,1 = Wk,1 + Tk, 1,

(7.18) Thit—1 + Wk—1t = Wkt + Tkt

First, we have
k_ L
2

(—=D*(-q)>" 2 U )
[Ty (1= (=a)~ ) A= (=9

(-Dk(—q)i fi;( — () ()= (g ) (g
T (o A () A=) A=) T T (—g)

= Wk,1 + Tk,1-

+ Wk—1,1

This shows that (7.17) holds.
For (7.18), we have

—(t— (t-1)(t=2) _ (kmt)(ko t+1>
P o ) 1= (o)
0 TR O T a1~ (0
(=g)" "D (A~ (=g M) (—q)" (VY
= o )T — (g 0= " T (g0
=Wkt + Tkt
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This shows that (7.18) holds. Now, by (7.17) and (7.18), we have that for k > 1,

NG IEED | i (R e R I W = Sy
(1 () DR (g ) | e T 2 = 2ene e
and hence
_1)k %7 1— (- k+1
(7.19) 1_(Il 1)(1(_()_ = {Il ;Lllk((l (_ —I—Zwk 1t—zwkt+7'kk— Zwkt'
Here, we used 7y, 1, = wy, k41 for the last identity.
Therefore, by (7.19), we have
h kE_ k2 N k h k+1
(—1)*(—q)2 " 1 (1—(=¢
+ g
- o ) = k(l—(—q ;Z“’“ h 2
h E_ k2 N k 1 h+1
DM ST I - g K
AL o DT g T A
h %7 N\l
<:>ZIE[ )(1( q() - )Hl hl k((ll (( qq))—l)) = W h+1 (since wpy =0 forallt <h+1)
k=01li=1 - -\
I G G I | e e 0
e (= (=)™

This shows that (7.16) holds.
Combining (7.15) and (7.16), we have

Dnh(a b C) _ (_1)n+c+h+1(_q)§+§—h2—%—cn—i—hn-i—%—ch—h(n—c—&-a—l)-&-@

Hn c— a<1_<_q> l) Hn cta—1— h(l (_q)fl)'
(= (=) D TT (L = (=)™
If a =1, then we have b =n —c—1, and D, ,(1,b,¢c) = H?:h+1(1 — (=¢))). If @ = 0, then we have

Hl h+1( — (= Q)l)
(1= (=q)"=")

b=n—c, and D, ,(0,b,¢c) = . This finishes the proof of the theorem. O

8. FOURIER TRANSFORM

In this section, we will prove certain theorems on the Fourier transform of the analytic side of
Conjecture 5.6. The main results of this section are Theorem 8.18, Theorem 8.19, Theorem 8.20,
and Theorem 8.21. Recall that V is the space of special homomorphisms associated with j\/}[Lh] and
it is split (resp. non-split) if A is odd (resp. even). For an integrable function f on V, we denote
by f its Fourier transform f(x) = [y fW)Y(Trp/p (2, y))dy, v € V. For example, for an Op-lattice
L €V of rank n, we have 1 = vol(L)1v = ¢ "*(1)/21 v, where we recall that val(L) is the sum

of fundamental invariants of L.

Definition 8.1. Let L C V (resp. L’ C V) be an Op-lattice of rank n (resp. n — 1).
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(1) For simplicity, we set D,, (L) :== OPden,, ,(L). Assume that A € RO™ be the fundamental
invariants of L. Then by Corollary 6.7, we have D, (L) = D,, ,(\), where Dy, () is the
Cho-Yamauchi constant defined in Definition 6.3.

(2) For 2 € V\L%, we define 8Den2’bh(x) = Z Dy, n (L)1 (z), where L' C V are Op-

L'cL'cLY
lattices of rank n.
(3) For 2 € V\L%, and L” D L’ we define 8Den7£}fo (x) = > Dy, 1 (L)1 (2),
leCL/CLIV,L/mLI}::L,b
where L' C V are Op-lattices of rank n.

Then, we have that 8Denz;h(a:) = > BDenZ’,ﬁ, (x).
LbCL/bC(L/b)\/
——nh
By definition, we have that 6Den2,bo (x) = Z Dy, 1, (L") vol(L'). Also, by

L/bCL,CLIV7LIOL;—':L,b,IeL,\/
[LZ22a, Lemma 7.2.1, Lemma 7.2.2, (7.4.2.3)], we have that

() + L2 2O PN/ <5 (1P C I C LY, Iy = I, € L}
u — L” + (u).

Now, assume that z L L* and val({z,z)) < —1. Then, as in the proof of [L.Z22a, Lemma 7.4.2], we
have that

({2) + L7)V20 = (17) "2 @ (2) ",

() + L")V 20/ LP)\(Lp /L)) = (L7)V20/ 1" x ((2)\{0})/OF:.
Therefore, we have that

(LP)V:20/L” x ((x)V\{0})/OF == {L"c L' cLV,I'nLy=L"xecLV}
(', ut) — LV + (u +ut),

(8.1)
——n,h
dDengno(z) = > Dy n(L” + (0 +ut)) vol(L” 4 (u” + ut)).
(u” uh)e(L”)V-20 /L x ((z)V\{0})/OF

Now, we need to compute D,, ,(L” + (u* +ut)). First, let us define the following notations.

Definition 8.2. For A\ € R, welet Ly C V be an Op-lattice of rank n— 1 with hermitian matrix

n—1»
A)y. Consider a basis B = {z1,...,2,-1} such that the hermitian matrix of L) with respect to B is
A,
(1) For i > 0, we define Ly>; to be the sublattice of Ly generated by {z1,...,7, ,n}. In
particular, Ly>o = L.
(2) Fori > 0, we define Ly—; to be the sublattice of Ly generated by x;’s such that val((x;,z;)) =
1. Therefore, the hermitian matrix of Ly—; is TFiIti( A)s where t; is defined in Definition 6.11.
(3) For i > j > 0, we define L >;_; be an Op-lattice of rank ¢>;(A\) with hermitian matrix
Diag(rh—3, pha=i, ey,
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(4) For an Op-lattice L, we define
p(L) = |(LV)=°/L],
pt(L) = [(rLY)= /L],
pH(L) = |(P2LY)=?/ L.

Consider a basis B = {1, 29, ..., Ta, Tat1,: - s Tatbs - - » Tasbie} of L (a+b+c = n—1) such that
the hermitian matrix of I with respect to B is Ay where A = (A1,..., A\, 1°,0°) € R2T )\ > 2.
To simplify notation, we abbreviate Ly>2, Ly=1 to Ly, LY, respectively. In other words, L% is the
Op-lattice generated by {z1,...,2,}, and L’f is the Op-lattice generated by {xg41,...,ZTatb}-

Note that

(L/b)\/ >O/L/b (L/b @ L/b)\/ >0/(L/b @ L/b)

Then, we have the following propositions.

Proposition 8.3. Assume that val((u™,u')) > 2, then we have the followings.
(1) (Case 1-1) If v’ € (x (L’b) WY)Z2, Dy p(L” + (u” +ut)) = Dy p(a+1,b,¢).
(2) (Case 1-2) If v’ € (r* LR))2! = (n*(LY)Y @ w(LY)V)?2,
"+ ut)) = Dopla,b+1,¢).
)V)Z0 = (rA(L5)Y @ w(LY)Y)=!,

~—
%
o

h
(4) (Case 2-1) If v’ € (7*(L)Y)>0 @ ((LY)" — m(L})¥)>°,
+ut)) = Dppla+1,b0—2,¢+2).
(5) (Case 2-2) If w? € (w(L§)") & (L})Y — (L '1"> )20 — (x2(LE))Z0@ (LY)Y —m(LY)¥)>°,
Dpn(L” + (W’ +ub)) = Dppla,b—1,¢+2).
(6) (Case 3-1) Ifw* € ((n(L5)Y — 7*(L5)") & (m(L})V))2,
Dpp(L” + (W’ + b)) = Dppla — 1,04 2,¢).
(7) (Case 3-2) Ifw? € ((w(L§)Y —m2(L§)")@(m (L)) 20— (w(LE)Y —w(L§) )@ (m(LY)V))Z,
Do (L’ + (W +ub)) = Dppla, b, e+ 1).
(8) (Case 4-1) Ifu* € (w(LY)Y — 7(L§)V)20 @ (LF)¥ — m(L})Y)2",
Dpn(L” + (0 +ut)) = Dpp(a+1,0—2,¢+2).
(9) (Case 4-2) If
W e ((m(LY)Y = m(L5)Y) & ((LR)Y — m(L4)Y))2° — (r(LB)Y — w2(L5)")20 & ((LR)Y — m(L7)")2,
Dpn(L” + (0 +ut)) = Dy p(a,b—1,¢ + 2).
(10) (Case 5) Ifu’ € ((LB)Y —m(L)V)O (L)), Dy p(L” + (W’ +ut)) = Dyp(a—1,b,c+2).
Proof. This is a linear algebra problem, so we skip the proof of the proposition. O

Proposition 8.4. Assume that val((u’,u')) = 1, then we have the followings.
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(1) (Case 1-1) I € (2(15)Y © n(I})")22,
-Dn,h(L,b + <ub + uL>) = Dn,h(aa b+1, C)'
(2) (Case 1-2-1) If > € (w(L2)Y ©n(LP)V)Z! — (22 (L)Y @7 (LY)V)22, and val((u’ 4+ ut, v’ +
u)) =1
Dpin(L” + (W’ + ub)) = Dppla,b+1,¢).
(8) (Case 1-2-2) If u’ € (72(LE)Y @ n(LP)V)2 — (n2(LE)Y @ n(LY)V)Z2, and val((v® +ut, v’ +
ut)) > 2, we have
Dy (L” + (0’ +ut)) = Dpp(a+1,b,c).
(4) (Case 1-3) If v’ € (x*(Ly)" @ w(LY)")>0 — (n*(Ly)Y @ (LY)¥),
Dpin(L” + (W’ + ub)) = Dppla,b,c+1).
The other cases: (Case 2-1), (Case 2-2), (Case 3-1), (Case 3-2), (Case 4-1), (Case 4-2),

and (Case 5) are the same as Proposition 8.3.
Proof. This is a linear algebra problem, so we skip the proof of the proposition. O

Remark 8.5. We note that the only difference between the case val((u',u')) > 2 (Proposition
8.3) and the case val((u’,u")) = 1 (Proposition 8.4) is the cases 1-1, 1-2, and 1-3.

Proposition 8.6. Assume that A\ € RV and Ly is an Op-lattice with hermitian matriz Ay
(1) If X > (1,...,1), we have
p (L) = p(La-1).
(2) If A\ > (2,...,2), we have
p (L) = 1 (Lo ).
Proof. By definition, we have that

p(La-r) = [(LY_1)=°/Lal,
pt(La) = |(rLY)=1 /L.

Note that the fundamental invariants of LY ;| (resp. wLY)) are (—A; +1,..., =X, + 1) (resp.
(A1 +2,...,— Ay +2)). Now, for (LY ;)=°/L_1, and the hermitian form (-,-), we consider the
same set with the hermitian form 7(-,-). Then, this is isomorphic to (wLY)=!/Ly. This proves (1).
The proof of (2) is similar. O

Proposition 8.7. For \ € 7?,9:1 and Ly = Ly>2 & Ly—; =: Ly & L1, we have the followings.
(1) (Case 1-1) We have that
|(72(La)" ©m(L1)")72 /Lo © Li| = p(L(x>2)-2)-
(2) (Case 1-2) We have that

{(r*(L2)Y ©7(L1)Y)=" — (7%(La)Y ©7(L1)")7?} /L2 © Ly

= q2t23(A)M(L(A23)—3) — Lr>2)-2)-
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(3) (Case 1-3+Case 3-2) We have that

{(7*(L2)Y ©7(L1)Y)=° — (7*(La)Y © w(L1)")7'} /L2 © Ly
HH{((7(L2)Y = 7*(Laz2)Y) © (7(L1)Y))Z0 = ((n(L2)" — 7*(L2)") © (7(L1)"))='} /L2 © L]
= ¢?t=2(A )M(L(,\zz)fz) — u(Lx>2)-1)-
(4) (Case 2-1+Case 4-1) We have that
{(m*(L5)V)7° @ (L)Y — w(LY)Y)>°}/ L2 © Ly
H{(m (L)Y — 7> (Ly)V)Z° © (LY)Y — m(L7)¥)>"}/ L2 © Ly |
= ¢?t=2(A )M(L(,\zz)q) X ((Lx=1) — 1).
(5) (Case 2-2+Case 4-2) We have that
{((7*(L2)") © ((L1)Y = 7m(L1)¥))Z? = (7%(L2))Z° © ((L1)Y — 7(L1)¥)7°} /L2 © L |
HH{(((L2)¥ = 7*(L2)") © ((L1)" = 7(L1)"))70} /L2 © Ly
—|{( (L ) (L))" © ((L1)" = m(L1)")="}/ L2 © Ly
22N (L p59) -0 © La1) — p(Lxs2)—2)i(La=1)}.
(6) (Case 3-1) We have that

{(w(L2)Y = 7(L2)Y) © (w(L1)¥))Z'} /Lo © Ln| = i Liaz2)-1) = =P pu(Lixs3)-3)-
(7) (Case 5) We have that
{(((L2)Y = 7(L2)"Y) & (L1)¥)2°}/La & Lu| = pu(Laz2 & La=1) — ¢*22 N u(Ly52) 2 & La=1).
Here, we choose the following convention: Vi > j > 0, if Lyx>; is empty, then N(L(/\zz‘)—j) =1.

Proof. We only prove the case (Case 1-2). The other cases can be proved similarly.
n (Case 1-2), note that w(Ly)" = Ly. Therefore, we have

{(7*(L2)Y ©m(L1)")=" = (7%(La) © 7w (L1)Y)Z?} /Lo © Ln| = [{(7*(L2)")=" = (7*(L2)")Z?}/ La.

If Ly>3 is empty, then we have that 72Ly = Ly = Ly—y. Therefore,

{(7*(L2)*)="}/La| = {(w*(L2)")7?}/ Lo| = 1.
If Ly>3 is not empty, then we have
{(72(L2)¥)='}/La| = H{(7?LY53)'}/ Lassl = =W [{(w(n 7 Ly>3)")='}/m Lyss]
= ¢*t>3(A )N+(7T_1L>\23) = q%ZS(’\)lﬁ(L(Azs)— ) = ¢*=3Mp(L (A>3)—3)-
Here, we used Proposition 8.6. Also, by definition, we have that |{(7%(Ls)¥)22}/La| = ut*(Ly) =
p(L(x>2)—2). This finishes the proof of the proposition in the case (Case 1-2). O

Proposition 8.8. (¢f. [LZ22b, Lemma 8.2.3], [HLSY23, Lemma 8.4]) Assume that L (resp. M) is
an Op-lattice of rank n with hermitian matriz Ay (resp. Ay) such that \,n € RO A,n>(1,...,1).
Assume further that L C M C 7~ 'L. Then, we have

(LY)=NMY)=0) /L] = " (7 LY) =\ (e M Y) =) /L.

Proof. Since the proof follows the argument in [L.Z22b, Lemma 8.2.3], we omit the details here. [
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Proposition 8.9. (¢f. [LZ22b, Lemma 8.2.6], [HLSY23, Lemma 8.6]) Assume that L is an Op-
lattice of rank n and e = {ey,...,en} is a basis of L. Also, assume that the hermitian matriz of L
with respect to e is Ay where A € RO, A > (1,...,1). We choose an Op-lattice M as follows.

(1) If \y > 3, we choose an Op-lattice M D> L such that M = OF(%el)GB ®iz1 Or(e;) with
fundamental invariants (A1 — 2, A2y ..., \pn).

(2) If \i = X2 = 2 (so, \i < 2 for all i), we choose an Op-lattice M O L such that the
fundamental invariants of M are (A1 — 1, A2 — 1, A3, ..., An).

Then, we have that
[(xLY)ZN(wMY)=20) /L] = g|((xLY)Z 1\ (7 MY)=1) /L.
Proof. Since the proof follows the argument in [LLZ22b, Lemma 8.2.6], we omit the details here. [

Proposition 8.10. Assume that A € R,

(1) If \y > 3, we definen = (A1 — 2, A2,...,A\n) € RYT (if necessary, we change the order of
ni’s so that n € RUY). Then, we have

p(Ly) = (Laz1) = @ p(Lyz1) + = W22 (1o o) — @221 W22 (Lo ).
1=X =2 wedefinen=(A —1,—1,....\,) € , (if necessary, we change the
2) If \f = Ay =2 defi Al — 1,0 —1 A RO+ (if h h
order of n;’s so that n € RYT). Then, we have
L) = p(Inz1) = @ p(Lys1) + ¢ 2 VT2 N720(L sy o) — P21 00F22200 (L) ).

Here, we choose the following convention: If Ly>o is empty, we assume u(L(,\Zg)_Q) =1.

Proof. By Proposition 8.8 and Proposition 8.9, we have
(LX)ZONL))Z) /Lol = = V(LX) M\(w Ly )21 /Lo,

(T LX)\ Lyy) =)/ La| = ql((wLY)="\(w Ly)=1) /L.
Therefore, we have
(82) (LX)ZONE)Z0)/ La| = =V 72|(wLY)ZO\(w Ly)=0) [ Lal.

Note that |(LY)2%/L| = u(Ly), and [(LY)20/La| = ¢2I(LY)Z/Ly| = ¢*u(Ly).

Also, note that (7LY)Z%/Ly = (m(Ly>2)¥)Z%/Ly>2, and it is trivial if Ly is empty. Since the
fundamental invariants of Ly>9 are at least 2, any element x of 1L A>2 has valuation at least 0.
Therefore, we have

[(wLY)Z0/La| = |(m(Lxs2)Y)Z0/ Lasal = ¢*=2V|((n 7 Ly»2)V)2%/ (7 Lys2)|
= *=2 N (7 Lyse) = ¢*22 NV p(L2)-0).-

Similarly, we have |(wL,)=%/Ly| = ¢*|(wLy)=°/Ly| = q2+2t22(’7),u(L(7722)_2).
Now, by (8.2) and the fact that t>1(\) = t>1(n), we have the proof of the proposition. O

Lemma 8.11. For A € R0T, A > (1,1,...,1), we have that

(L) = ¢ p(Lasy) — (—) g - 1).
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Proof. First, consider the case A = (1,1,...,1). Then, it is easy to see that
Ly, 1) = K@, wn) €Fp |2l 4 28T = 0}
=" ()" + ()" =" (Lo, 0) — (—9)" g — 1)
n—1
——
Similarly, if A = (2,1,...,1), we have that
p(Ly) = [((L2a,..1)")70 Lo, 1l = @ p(La 1) = ¢ (L) = (=¢)" (g — 1),

b
. . . . . . A./H HH
Now, we will prove the lemma by induction on |A|. We distinguish the cases A = (2,...,2,1,...,1),

—a—b b b
zn—’L /—jH r—’A /—/aA —
A=(3..,3,2,..,21,..,1), A= (A =4, ey 2,5, 2,1, 000, 1), Ap_g—p > 3, and
b
/—/a\‘ —— . .
A=A, Mabs 2, .- .,2, 1,00, 1), Ay > 5. For simplicity, we present the proof for the fourth
b
L. /—BH/—/R
case, as the other cases are similar. Assume that A = (A,..., \p—q—p,2,...,2,1,...,1); Ay > 5. In

this case, let n = (A1 — 2, A2,...,\n) (if necessary, we change the order of 7;’s so that n € RYT).
Then, by Proposition 8.10 (1), we have

1(Ly) = p(Ly) + ¢ 2 (Lnsay ) — ¢ Pu(Liy9)-2),

1(La-1) = @u(Ln-1) + ¢ 22 u(Linsg)-a) — ¢ 2 P u(Lys3)-3)-

Therefore,
w(Ly) = " 'u(La1) = @ {pu(Ly) — ¢ ' (Ly-1)}
+q"" 22 Lpnse)—2) — @2 u(Liasa)-3) )
— """ p(Liysa)—2) — "2 u(Liys3)-3) )
(by our inductive hypothesis) = —(—q)'"'“(q —-1)+ q4”*2b*2(—(—q)|)‘|*b*2(”*b)*1(q -1))

—(—=q)*" (= (—q)M=b72"71 (g — 1))
= —(—g)=t(g—-1).

This finishes the proof of the lemma. O

Lemma 8.12. Assume that a > 1, and j € Z. Let kq; be the constants such that
(1= X)(1 = (=)X) ... (1 — (—g)*"2X) = znm
Then, we have
Dy, p(a,b,c) Zliaz ”LH’ h“)Dn_i,h_i(l,b—l—a—l—i,c).

Proof. This follows from Theorem 7.4. (|

Definition 8.13. Assume that a +b+c=n — 1.
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(1) We define the function E, j(a,b,c) by

Dy p(a+1,b,¢)
+((—¢)*—1) X Dppla,b+1,¢)
E,n(a,b,c) = +(—q)*((—q)* — 1) X  Dpp(a,b,c+1)
—(=¢)**(1 = (=¢)") (1 = (=9)"") X Dppla+1,b—2,c+2)
—(=)** (1 = (=9)") (1 = (=9)*) x Dnp(a,b—1,c+2).
(2) We define the function F,, j(a,b, c) by
Dy p(a,b+1,¢)
+((—q)* 1 = 1) X Dppla—1,b+2,¢)
Fon(a,b,c) = —(—q)a’1 X Dpp(a,b,c+1)
H=g)** (1= (=9)")  x Dyp(a,b—1,c+2)
H(=q)** 11— (=) ") x Dyppla—1,b,c+2)

Lemma 8.14. Assume that a > 1. Then, we have E, p(a,b,c) = 0.

Proof. To simplify notation, we use the following convention: for & > 1,

1]

X[k] = Dp_t1h—k+1(Lb+a—k+1,c), XO[ = X,
1[k] = Dp_prih—kr1(L,b+a—k,c+1), XF] = X,
Xz[k] = Dp pr1hkr1(Lb+a—k—1c+2), sz = Xo.

Also, we use the convention Xi[j } XZ-[k] = XZ-U +k], which should not be interpreted as actual multipli-

cation. Then, by Lemma 8.12, we have that

Dyp(a+1,b,¢) = Xo(1 — (—q)*07"2X0) ... (1 — (—q)?*H0=h+1X),
Danla,b+1,¢) = Xo(1 — (—q)*P=m+2X0) .. (1 — (—q)2* 1 Xp),
Dunla,byc+1) = X1(1 — (—g)@Hb=r1Xy) (1= (—q)2etoh=1Xy),
Dppla+1,0—2,¢c+ 2) Xo(1 = (—q)@hXy) .. (1 — (—q)2atb=h-1X,),
Dy p( - (-

a,b—l,c+2) ( q)a-I—b hX) ( ( )2a+bh2X)

n,

n,

Therefore, we have that

Dn,h(a + 17 b> C) + ((_Q)a - 1)Dn,h(a7 b+ 17 C)

= (—q)"Xo(1 — (—q)* """ Xg) ... (1 — (—¢)**"7"X,)

= (—9)*Xo(1 — (=2~ X0) (Y42 rae(—q) @00 ().
This implies that for 1 <t <a+1, X([)ﬂ—terms are
(8.3)

(_q)a{ﬁajt_l(_q)(a+b—h+1)(t—1) _ (_q)2a+b—h,€a7t_2(_q)(a+b—h+1)(t—2)}X([)t] it 4a+1,
(_q)3a+b—hﬁa’a71(_q)(a+b—h+1)(a—1)X[[)a+1] ft—atl.

Similarly, for 1 <t < a, X{ﬂ—terms in (—¢)*((—¢)* —1)Dy p(a,b,c+ 1) are

(8.4) (=) ((=q)® — 1)K 1 (—g) @t DE=D x 1]
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Finally, for 1 <t < a+ 1, Xét}—terms in —(—¢)?(1 — (—)")(1 — (—=¢)* Y )Dpp(a +1,b—2,c+
2) = (—¢)***"1 (1 = (=9)")(1 = (=9)*) Dnu(a,b — 1, ¢+ 2) are
{_Ka,tfl( )(a+b7h)(tfl)+2a(1 — (- ) )1 — (- q)a+b 1)
(8.5) hap 2 (—q) @M DHaRRo(  (Cg)t) (1 — (—q) )XY it £ a1,
(1-

Kfa,a—l( )(a-l—b h)(a—1)+4a+b—h— 1( — (- )b) (— ) ) £a+1] ift=a+1.

Note that if a +b < h — 1, then X([)t],X{t]7 and Xg] are all zero. Therefore, all of the degree
t-terms of E, »(a,b, c) are 0, and hence E,, ,(a,b,c) = 0 in this case.
Now, assume that a +b > h + 2. Then, by Theorem 7.8, we have that

(86) X' =G50 - ()X = L0 - (o)) %57 = TS0 - (o).
Combining (8.3), (8.4), (8.5), and (8.6), we can see that the degree t-terms of E,, (a,b,c) can

be written as follows: if 1 < ¢ < a, we have

a+b—t—1

[T (= (o) {(-0) o (~q) @D (q2tthy, y(—g)lett=hiDi=2)}
l=h—t+42

X (1= (=)™ ) (1= ()

+ (—0)?((—q)" — 1) a1 (—q)@Tt=AHDED (] _ (—g)atb=t)
+ {—Fap1(—g) @ TOIENTR(L — (—g)") (1 = ()"t

+ na7t,2(_q)(a+b—h)(t—2)+4a+b—h—1(1 _ (_q)b)(l _ (—q)b_l)}}

= ((—q)?+2 — (—q)t)(—q)(atb=R)(t=2)+3a+b—h—t-2

{(~((="" = (~0)*)kae-1+ ((—0)' = (=) )rae-2}.

(8.7)

Now, we claim that

(8.8) {(~((=0""" = (~0)*)kat-1+ (=)' = (=0)")kar-2} = 0.

Recall from Lemma 8.12 that (1 — X)(1 — (—¢)X)...(1 — (=) 2X) = 3074 ke Xt and (1 —
(—)X)(1 — (=¢)?X)...(1 — (—q)* ' X) = X027 Kar(—q)! X*. Therefore,

(11— (=" lX ZﬁatX Zﬂat

t=0

By comparing degree t — 1 terms, we have that

(8.9) —((=0)"" = Dhge—1 + ((=0)"? = (=0)* ka2 = 0.
Therefore, we have that (8.8) holds, and hence (8.7) is zero. This shows that the degree t-term of
E, n(a,b,c) is zero for 1 <t < a.
For t = a + 1, we have that the degree a + 1-terms of E,, ;(a,b, c) are
22 0 (= (—0)) { = (2™ g 0 1 (—g) @00 (1 — (—q)?)(1 — (—q)" 1)
+/€a,a—1(_Q)(a+b_h)(a_1)+4a+b_h_1(1 . (—q)b)(l . (_q)b—l)} —0.

This shows that E,, j(a,b,c) = 0 holds when a +b > h + 2.
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Now, the remaining cases are a +b=h — 1, h, and h + 1.

When a + b = h — 1, we have that X([]t] =1, X{ﬂ = Xg] = 0 by Theorem 7.8. Therefore, we have
that Dy (a+1,b,¢) + ((—g)* = 1) Dan(a,b+1,) = (—q)(1 = (=q)=+0-141) . (1 = (—q)2at=h) =
0 (since a+0b—h+1=0). Also, we have D), (a,b,c+1) =0, Dy p(a+1,b—2,c+2) =0, and
Dy, p(a,b—1,c¢+2) = 0. This shows that E, (a,b,c) =0 holds when a +b=h — 1.

The cases a + b= h and a +b = h — 1 are similar. This finishes the proof of the lemma. O

Lemma 8.15. Assume that a = 0. Then, we have

0 fo>h+2o0rb<h-—2,
E,n(a,b,c) = 1 ifb=h-—1,h,
P (=)t ifb=h+1.

Proof. This follows from Theorem 7.8. g
Lemma 8.16. Assume that a > 2. Then, we have
Fon(a,b,c) =0

Proof. Here we follow the notation in the proof of Lemma 8.14. Then, by Lemma 8.12, we have

Dpp(a,b+1,¢) = Xo(1 — (—g)* ™ "2Xy) ... (1 = (—q)** " X),
Dpp(a—1,b+2,¢) = Xo(1 — (—q)* 7" 2X0) ... (1 — (—¢q)**T=h1Xy),
Dy p(a,bec+1) = X1(1 — (=) MIX) (1= (—g)? X)),
Dpp(a,b—1,¢+2) = Xo(1 — (—¢)*T7"Xy) ... (1 — (—¢)* 07" 2Xy),
Dypla—1,bc+2) = Xo(1 — (—q)*7"X5) ... (1 — (—q)2* " 3Xy).

Therefore, for 1 <t < a, X terms of Dpp(a,b+1,¢) 4+ ((—)* ' = 1)Dpp(a—1,b+2,¢) are
(8.10)

(—q)% Y kqo14-1(—q)@to=h D=1 _ (_g)2atb=h—1y | 1t_z(_q)(aﬂmwrl)(m)}X([)t], if t 4 a,

—(—Q)3a+b_h_2f€a—1 a_2(—Q)(a+b_h+1)(a_2)X([]a] ift = a.

Similarly, for 1 <t < a, X{ﬂ—terms in —(—q)* 1D, n(a,b,c+ 1) are
(8.11)
{ _(_q)a—l{,{aiuil(_q)(a+b—h+1)(t—1) _ (—Q)2a+b_h_1Hafl,t72(—(])(a+b_h+1)(t_2)}Xl[t], if 7& a,

(—q)3eHdh=2, 1 o o(—q)latd—htD(a=2) xld] if t = a.

Finally, for 1 <t < a, X}-terms in (—)* "= (1 — (=¢)") D a(a,b—1,¢ +2) + (—g)2+2 =1 (1 —
(_Q)afl)Dn,h(a —1,b,c+2) are

{Ha_Lt_l(_q)(a+bfh)(t71)+2a+b71(1 _ (_q>a+b71)

(8.12) —ﬁa—l,t—z(—Q)(a+b_h)(t_2)+4a+2b_h_3(1 _ (—q)b}Xg} if ¢ 75 a,
g1 a72(_q)(a+b—h)(a—2)+4a+2b—h—3(1 _ (_q)b)XQ[a} ift — a.

First, assume that a + b > h + 2. Then, by (8.6), (8.10), (8.11), (8.12), and (8.8), we have that

the degree t-terms of F), j(a,b,c) are 0 for 1 <t <a—1 (cf. (8.7)).
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For t = a, we have that the degree a-terms of F}, (a,b,c) are

H?;éimr?(l _ (_q)l) { _ (_q)3a+b—h—2ﬁa_17a_2(_q)(a+b—h+1)(a—2)(1 _ (—q)b+1)(1 _ (_q)b)
+(—Q)3a+b_h_2ﬁa717a72(—Q)(a+b_h+1)(a_2)(1 _ (_q)b)
_Hafl,a72(_Q)(a+b_h)(a_2)+4a+2b_h_3(l _ (_q)b)} —0.

Now, the remaining cases are a+b < h—1,a+b=h—1, h, and h+ 1, and their proofs are similar
to that of Lemma 8.14. Therefore, we omit the proofs. O

Lemma 8.17. Assume that a = 1. Then, we have

0 ifb>h+1o0rb<h-3,
1 ifb="h—2,
0 ifb=h—1,

@t ifb=h.

Fon(a,b,c) =

Proof. This follows from Theorem 7.8 O

Theorem 8.18. Assume that x | L°, val((x,z)) < =2, and L’ C L” C (L”)Y C L%. Let
X be the fundamental invariants of L” and (a,b,c) = (t>a(N),t1(N),t0(N)). Assume further that
(a,b,¢) # (1,hyn—h—2),(1,h—2,n—h),(0,h+1,n—h—2),(0,h,n —h —1),(0,h — 1,n — h).

Then, we have

——n,h

aDenL/bo (x) =0.

Proof. Recall that by (8.1), we have

———n,h
dDeny o () = > Dpn(L” + (0 + uH)) vol(L” + (u” + ut)).
(u” ut) (L) 20 /L x () \{0})/ O}

Since val((x,z)) < —2, we have that val((u',u’)) > 2. Therefore, by Proposition 8.3, D, ;,(L"” +
(u” + u')) depends only on u’. Also, we have that vol(L” + (u” + ul)) = vol(L”) vol({u™)).
This implies that

——n,h
ODen pve (z) = > Dy (L + (W +ut)) vol(L” + (u” + u™))
(u’ut)€(L?) Y20/ L x ((x)V\{0})/OF
ol vl )1 - g Y DI+ ).
ube(L/b)VvEO/L’b
Now, it suffices to show that Z Dy n (L + (W +ut)) = 0.

u"E(L"’)VZO/L’b
We claim that

(8.13)
Y Dua(L’+ (W +ut))
ube(L/b)v,zo/L/b

= w(Lr>2)-2) X Ennla,b,c) + {QQtES(A)M(L(Azm—S) - (—Q)tZQ(A)H(L(,\zm—Q)} x Fyn(a, b, c).

Note that if the claim (8.13) holds, the theorem follows from Lemmas 8.14, 8.15, 8.16 and 8.17.
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Now we prove the claim. Note that both sides of (8.13) are linear sums of the Cho-Yamauchi
constants Dy, p(a+1,b,¢), Dy, p(a,b+1,c¢), Dy p(a,b,c+1), Dy p(a+1,0—2,¢+2), Dy, (a,b—1,c+2),
Dy p(a—1,b+2,¢), Dy p(a—1,b,c+ 2). Therefore, it suffices to show that both sides have the
same coefficients.

First, consider the coefficients of D, ;(a + 1,b,c) on both sides. By Proposition 8.7 (Case 1-
1), we have that the coefficient of Dy, p(a + 1,b,¢) on the left-hand side of (8.13) is u(L(x>2)—2)-
Also, the coefficients of D,, ;(a + 1,b,c) on the right hand side of (8.13) is u(Lx>2-2) (note that
Dy, p(a+1,b,c) appears only in E,, ;(a,b,c)). Therefore, the coefficients of D, ,(a+1,b, c) on both
sides are the same.

For D, p(a,b+ 1,¢), by Proposition 8.7 (Case 1-2), we have that the coefficient of D, ;(a,b +
1,¢) on the left hand side of (8.13) is q2t23()‘)u(L(A23)_3) — u(L(r>2)—2). Now, the coefficient of
D, p(a,b+1,c) on the right hand side of (8.13) is

1(Liys2)-2){(—)22WN — 1} + {g*23V (L (y53)-3) — (—q)22 N p(Lps2)-2) }
= ¢?=3N(La53)-3) — W(Ls2)-2)-

Therefore, the coefficients of D,, ,(a,b+ 1,¢) on both sides are the same.

For D, p(a,b,c + 1), by Proposition 8.7 (Case 1-3+Case 3-2), we have that the coefficient of
D, p(a,b,c+ 1) on the left hand side of (8.13) is q2t22(’\),u(L(,\22)_2) — p(L(x>2)-1)- On the other
hand, the coefficient of D,, (a,b,c+ 1) on the right hand side of (8.13) is

M(L(,\22)—2)(—Q)tZQ(’\){(—Q)tZQ()‘) -1} - (—Q)tZQ(A)_l{q2t23(’\)M(L(Az3)—3) - (—Q)tZZ(’\)H(L(,\ZQ)—ﬂ}-

Therefore, it suffices to show that

1(Lys2)-1) + (=) 22V (Lsey—2) = (@) 22V u(Ls2)—2) + (—q) 22V 223N (L g ).
By Lemma 8.11, we have that

2t52(N)-1 A=t ()22 (A)—1

(Lps2)—2) = —(¢ = 1)(—q) ,

(—9)"2*V(Lrsa)—a) + (—g)22 V2NN (L g ) = —(g — 1)(—g) 0N 72071

This shows that the coefficients of D, 5 (a,b,c+ 1) on both sides are the same.

For Dy, p(a+1,b—2,c+2), by Proposition 8.7 (Case 2-14+Case 4-1), we have that the coefficient
of Dy, p(a+1,b—2,c+2) on the left hand side of (8.13) is q2t22()‘)u(L(,\22)_2) X ((Ly=1) —1). On
the other hand, the coefficient of D), j(a + 1,b — 2, c + 2) on the right hand side of (8.13) is

—(=)*=2N(1 = (=9)" V) (1 = ()" V) (L p52)-2).

Now, by Lemma 8.11, we have that

M(L(/\EZ)fl) —q

(8.14)  p(Lazt) 1=tV — (=" (g - 1) = 1= —(1 = ()" V) (1 = (=¢)*V71).

This shows that the coefficients of Dy, j(a + 1,b — 2, ¢+ 2) on both sides are the same.
For D,, p(a,b—1,c+ 2), by Proposition 8.7 (Case 2-2+Case 4-2), we have that the coefficient of
D, p(a,b—1,c+2) on the left hand side of (8.13) is

¢*22 NV (Lrs9)-0 © Lao1) — p(Lasay—2)i(Lr=1)}.
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On the other hand, the coefficient of D,, ,(a,b — 1, ¢+ 2) on the right hand side is
— (=TT (1 — (—g)n V)1 ( ) 2 u(Lr2)-2)
+(—q)* 2T — (—q)t V) {3V (L insg)-3) — (—0)'=2 N u(Lnza)-2)}-
Note that by Lemma 8.11, we have that
H(L(x>2)—2 © La=1) = p(Lxsg)—2 © La=q) = ¢z TN (150 3) — (g — 1)(—gq) 722201
Combining these with (8.14), it suffices to show that
—(g—1)(—q)! = (—Q)2t22(/\)+t1(/\)M(L(,\z2)—2) + (—Q)Qtzg(/\HztzQ(/\)Hl(/\)_IM(L(,\Z?))—?))-

Since p(L(x>2)—2) = pu(L(x>3)—2), this follows from Lemma 8.11. This shows that the coefficients
of Dy, p(a,b—1,c+ 2) on both sides are the same.

For Dy, p(a —1,b+ 2,c¢), by Proposition 8.7 (Case 3-1), we have that the coefficient of D,, ,(a —
1,b+2,¢) on the left hand side of (8.13) is u(L(x>2)—1) — g?tzsA )M(L(Azg)_g). On the other hand,
the coefficient of D,, p(a — 1,b+ 2, ¢) on the right hand side of (8.13) is

((—q)'=2M=1 — 1){(1%23(/\)#@@23)73) - (—Q)tEQ(A)M(L(,\zz)fz)}-

Therefore, it suffices to show that

(Lr>2)—1) + (—Q)Qtﬂ(A)*lM(L(,\zz)q) = (—Q)tEQ(/\)M(L(,\EQ)fz) + (—Q)2t23(/\)+t22(A)flﬂ(L(,\zs)f:s)‘

Now, by Lemma 8.11, we have that
1(Lps2)-1) + () 22V (Lipsg) o) = —(—g)M TN =201 (g 1),

(—Q)tZQ(/\)M(L(,\EQ)J)‘i‘(—Q)2t23(/\)+t22(/\)7 (Lr>3)—3) = (—q)' 22 (—(—q)M=1rN=2=2N =1y (g 1),
This shows that the coefficients of D), j,(a — 1,b+ 2,¢) on both sides are the same.

For D, p(a —1,b,c + 2), by Proposition 8.7 (Case 5), we have that the coefficient of D,, j(a —
1,b,c + 2) on the left hand side of (8.13) is u(Lx>2 @ Ly=1) — q2t22(>\)/,l,(L()\22)_2 @ Ly—1). On the
other hand, the coefficient of D,, j(a — 1,b, ¢+ 2) on the right hand side of (8.13) is

(—q)? =2 VNN — (—g)f=2 ) (225N (L o) _3) — (—0)2* M (L p52)-2)}-
Note that by Lemma 8.11, we have
1(Lys2 © Ly—y) = ¢*22M TN (Lo o)1) = (g = 1) (=),

1(Lp>2)—2 ® La=1) = p(Lps3)—2 © La—1) = ¢?=3W N1 (Lo gy 5) — (g — 1) (—g) 722201
Therefore, it suffices to show that
g2z NN =1L oo ) — ¢ Lu(Lxs3)-3)
= (—q)?=2 W] — (=gt {223 (L5 3y -3) — (—¢) 22N p(Lrs2)-2) }-

Note that this is equivalent to

(Losay-1) — 22N (Losa 2) = (=) =2 u(Lpss)—2) — =N u(Liss-3)}-

By Lemma 8.11, both sides are equal to —(—q)|)‘|*t1()‘)*t22(’\)*1(q —1). This finishes the proof of

(8.13). The theorem follows from Lemma 8.14, Lemma 8.16, Lemma 8.15, and Lemma 8.17. (|
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Theorem 8.19. Assume that x | L°, val((z,z)) < =2, and L’ C L C (L”)V C L%. Let X be the
fundamental invariants of L” and (a,b,c) = (t>2(N),t1(N), t0(\)). Then, we have

¢" g+ 1) vol({z)")(1 — g~2)~* f(a,b,¢) = (1,h,n — h — 2),
o g "(q+ 1) vol((z)¥)(1 — ) f (a,b,c) = (1,h— 2 n—h),
ODen o (r) = ¢~ PV vol((x)V)(1 — ¢~ )*1 if (a,b,¢) = (0,h —1,n — h),
g " vol((z)V)(1 — ¢ %)~ if (a,b,¢) = (0,h,n —h —1),

g~ M (@2 1 (=) vol((2))(1 — ¢ 2)~1  if (a,b,¢) = (0,h+1,n — h —2).

Proof. In the proof of Theorem 8.18, we proved that

———mn,h
dDen o () = vol(L”) vol({z)V)(1 — ¢~2)~* > Dy n(L” + (0 + ut)).
ube(L/b)v,ZO/L/b

Also, in (8.13), we showed that
D2 DaplL”+(w +ut))

bE(L/b)V,ZO/L/b
= (Lns2)-2) X Bnpla,b,e) + {a*=* N u(Linss)—s) — (—0)=2 MV u(Lps2)—2)} % Funla,b,c).
h n—h—2

. —N— — .
First, assume that (a,b,c) = (1,h,n —h —2), A = (a,1,...,1,0,...,0). In this case, we know
that B, j(a,b,c) = 0. Also, it is easy to see that u(Ls) = ¢?(2], and hence

=3V p(Linsay—3) — (—0) 22N u(Lps2)-2) = ¢*=3 @ u(La—3) + qu(La—2) = ¢* (g + 1).

Now, by Lemma 8.17, we have that Z Don(LP + (W +ut)) = ¢*2(q + 1)g* L.
ube(L/b)v,zo/L/b
h—2 n—h

—— —
Similarly, for (a,b,¢) = (1,h —2,n—h), A= (a,1,...,1,0,...,0), we have that

> Dpn(LP + (W +ut)) = ¢*2(q+1).
be(L/b)\/,zo/L/b
Therefore, we have that
——n,h
dDen; o () = vol(L”) vol({z)V)(1 — ¢~ ) > Dpn(L” + (W” +ut))
ube(L/b)\/,ZO/L/b

_ { @+ Dvol(@))(1— g2 if (a,b,0) = (Lhn—h—2)
¢ Mg+ 1) vol(())1 — ¢~ if (a,b,¢) = (1,h —2,n — h).

Now, assume that a = 0. Then, we have that

((Lps2)-2) = L ¢* 23N (Lnss)—3) — (—0)22M p(Lrs9)—2) = 0.

Therefore, by Lemma 8.15, we have

1 iftb=h—-1,h

Z Dn,h(L/b + (W +ut)) = { 2h+1 B Y

be(L/b)V,ZO/L/b q + (_q) lf b = h + 1.
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This implies that

——n,h
dDen vo () = vol(L”) vol((x)V)(1 — ¢~2)~! > DypLP+ W +uty)
ube(L/b)\/,zo/L/b
g "D vol((z)V)(1 — ¢2)~! if (a,b,¢) = (0,h —1,n — h),
= q_hV01(<:’U>v)(1_q_2>_1 if (CL, b7C) = (Ovhan_h_ 1))
g "D (PP 4 (—g)) vol ((2)V)(1 = 7)™ if (a,b,¢) = (0,h + 1,n — h = 2).

This finishes the proof of the theorem. O

Theorem 8.20. Assume that x L L°, val((z,z)) = —1, and L’ C L” C (L”)Y C L. Let
X be the fundamental invariants of L” and (a,b,c) = (t>a(N),t1(N),t0(N)). Assume further that
(a,b,¢) # (1,h,n—h—2),(1,h—2,n—h),(0,h+1,n—h —2),(0,h,n —h —1),(0,h —1,n — h).

Then, we have

——n,h 1

dDenj o (x) = —q—th_Lh_l(a, b, c).
Proof. Recall that
ODen s o () = 3 Don(L” + (& + b)) vol(L” + (u + ub)).
(u uh) (L) 20 /L (@) \{0))/OF
Since val((x,x)) = —1, we have that val((u,u!)) > 1. In the proof of Theorem 8.18, we have

> Dy n(L” + (0 + u)) vol(L” + (u” + ut)) = 0.
(u” ut)E(LP) V20 /L X () V\{0}) /O val (ut ut ) >2

Therefore, we have that

——n,h
ODeny o () = > Dpn(L” + (0 + u)) vol(L” + (u” + ub)).
(u” ut)e(L)V:20/L" x ((z)V\{0})/OF,
val((ut,ut)=1

Then by Proposition 8.4, Dy, 5(L” 4 (4’ 4+ ul)) depends only on u’. Also, we have that vol(L” +
(u” 4 ut)) = vol (L") vol({ut)). This implies that

——n,h
dDen o () = > Dy n(L” + (0 + u)) vol(L” + (0 + ut))
(u” e (L) V20 /L x (@) V\{0}) /O,
val((ut,ut))=1

= vol(L"?)(q)~" > Do (L’ + (W’ +ub)).
ube(L/b)v,ZO/L/b
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Note that Proposition 8.3 and Proposition 8.4 are different only when (Case 1-1) and (Case 1-2).
Also, it is easy to see that
(Case 1-2-1)
[{u € ((LY)Y @ (LY)Y)> — (r*(L5) @ (LY)¥)>? | val((w + ut, o + uh)) = 1}

q—2 q—2
= —(Case 1-2) = ﬁ(q2t23(A)u(L(Azs)—3) — 1(Lx>2)-2)),
(Case 1-2-2)
{u’ € (x*(LB)V & n(LY)V)=t — (w2(L5)Y @ 7(LP)V)=? | val((v” + ut, v’ + ut)) > 2}|

1 1
= q_—l(Case 1-2) = (]_71(61%23(’\)#([/(/\23)—3) = (L >2)-2))-

Now, note that if val((u’,u")) > 2, then Z Dy (L” 4 (v’ +ut)) = 0. Therefore, for
ube(L/b)\/,ZO/le
val((ut,ut)) = 1, we have

n,h 1
aDeano( ) gvol(L/b) Z Dn,h(l/b + <ub + UJ_>)

bE(L/b)V,ZO/L/b

1
— §VO1(L’b){(Dn7h(a, b+1,¢) — Dypla+1,b,¢)u(Lix>2)-2)

1
+(Dnp(a+1,b,¢) — Dy p(a, b+ 1, C))ﬁ(QQtZS(A)M(L(Az@—:&) — 1(Ln>2)-2))}

1 2t23()\) q
= fvol(L/b)(Dmh(a—kl,b, ¢) — Dpp(a,b+1,¢){ 1
q q—

2t>3(N) q

1 M(L(,\zs)f:&) - q_ilﬂ(L(Aszz) =—(—¢
Also, by Theorem 7.4, we have D, j,(a+1,b,¢)—Dy, p(a,b+1,¢) = —(—¢q)?"~"=1=0=2D, 1 4 1(a,b,c).
Finally, we have that vol(L”) = ¢~ Therefore, we have

)\)\|7b72a.

By Lemma 8.11, we have

nh (_q)|)\\+2n—2a—2b—20—h—1
aDenleo( ):

qlAH—l Dn—l,h—l(a) b7 C)'

Now, note that a +b+c¢=mn—1 and val(L” @ (z)) = [\| =1 = h +1 (mod 2). This implies that

———n,h 1

ODen o (1) = —q—th_Lh_l(a, b, c).

This finishes the proof of the theorem. (Il

Theorem 8.21. Assume that x | L°, val((z,z)) = —1, and L’ C L” C (L”)V C L%. Let X be the
fundamental invariants of L and (a,b,c) = (t>2(N), t1(A),to()\)). Then, we have

——n,h
aDenL/bo (x)
qh—2(q + 1)(1 - q_Z)_l - q_th—Lh—l(aa b7 C) Zf (CL, bv C) = (1 h n— )a
= q_h_l(q +1)(1 - q_2)_1 — q_th_Lh_l(a, b,c) if (a,b,c) = (1,h—2,n—h),
q_h_l(l ) q_th_Lh_l(a, b, c) if (a,b,¢) = (0,h,n —h —1).
(

Note that two cases (a,b,c) = (0,h—1,n—h),(0,h+1,n—h—2) are not possible since val((x,x)) =

—1 and hence val(L?) = h (mod 2).
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Proof. Recall that
——n,h
GDen e (i) = > D (L + (a4 ) vol (L + (o + b))
(u” ut)e(L”) V20 /L x (()V\{0})/OF

= vol(L") > Dy n(L” + (w0 + ) vol((u))
(8.15) (u? uh) (L) 20 /L x (@) Y\ {0}) /O
val((ut,ut)=1
+ vol(L") > D n(L” + (0 + ub)) vol ((uh)).

(u” uh)E(L) V20 /L7 x ({2)V\{0}) /O
val((ut,ut)>3

In the proof of the Theorem 8.19, we showed that

vol (L") 3 Dy n(L” + (u” + ut)) vol ((uh))
(uut)e(L”)V-20/ L x ((x)V\{0}) /O
val((ut,ut)>3
= vol(L’b)iS(l —q ! Z Dy n(L” + (W +ut)).
q ube(L/b)\/,zo/L/b
val((ut,ut)>3

Also, we already computed the sum Z Dy n(L” + (v’ +u't)) in the proof of the Theorem
ubE(L’b)v*ZO/L"’
val((ut,ut)>3

8.19 (more precisely, we computed this for val((u*,u")) > 2). Therefore, we only need to compute

vol (L") 3 Dy p(L” + (W + ut)) vol((u')).
(u” ut)e(L?)V:20/ L x ((x)V\{0}) /O %
val((ut,ut)=1

Note that Proposition 8.3 and Proposition 8.4 are different only when (Case 1-1) and (Case 1-2).
Therefore, as in the proof of Theorem 8.20, we have that

S D rut)) - Y D’ + )
ube(L/b)v,ZO/L/b ube(L/b)\/,ZO/L/b
val((ut ut)=1 val((ut,ut)>2
q2t23()\) q
= (Dpn(a+1,b,¢) = Dy p(a,b+1,¢){ 1 (Lr>3)—3) — 1 (Lia>2)-2)}

- (_q)|)\‘7h+1Dn71,h71(a7 b? C)'
Since vol(L”) = ¢~ and val(L” @ (z)) = |]A\| =1 = h+ 1 (mod 2), we have that

vol(L") > Dpn(L” + (0 + ut)) vol({ut))
(u? uh)E(LP)Y 20 /L x ((2)V\{0}) /O
val((ut,ut)=1

1 vol(L"
= *qith—l,h—l(a, ba C) + ( )

Y. Dun(L” + (@ +ul)).
ube(L/b)\/,ZO/L/b
val((ul,ut)>2
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Now, the theorem follows from (8.15) and the fact that (see the proof of Theorem 8.19)

" g+ g if (a,b,¢) = (1, h,n — h —2),
Z Dmh(L’b + <ub +ut)) =< ¢ g+ 1)q|/\‘ if (a,b,¢) = (1,h—2,n—h—1),
uPe(L”)Y20/L" 1 if (a,b,c) = (0,h,n — h).

val((ut,ut)>2

O

We will use the following lemma in the next section when we count the number of horizontal
components. Recall that for A € R0*, we define Ay by Diag(71, ..., 7).

Lemma 8.22. Assume that A > 2. Consider (\,0""1), (\,2"71) € RYT and (0"~1), (2" 1) € RUF,.
Then, we have

2n—2 . >
DeH(A()\70n—1), A()\’anl))/Den(A()Monfl), A()\’Onfl)) _ q 1_ (_ )—n Zf)\ - 3’
Den(A(On_1), A(gn_1))/Den(A(0n_1), A(On—l)) q2n_2ﬁq),1 Zf A=2
— 9
Proof. We use [Cho22a, Theorem 2.5] to prove this. To simplify notation, we use the following
convention: For 1 <k <n, By € X,,(Op), and By € X,,_1(OF), we define

RIOC == DeH(A()Hlk—l’onfk), Bl), R]f == Den(A()Hqu,lnfk), Bl), ng = Del’l(A(A’gk—l’znfk), Bl),
ng == Den(A(lk—l’On—k), BQ), Ri’ == Den(A(Qk:—lJn—k), Bz), Ré = Den(A(gk—lgn—k), BQ),

and for a polynomial f(X) = Y ,a;X?, we denote by f(R;) the sum f(R;) = 7, a;RE.
For example, if f(X) = X + X2, then f(R;) = Den (A gn-1), B1) + Den(Ay 11,9n-2), B1) (not
Den(A gn-1), B1) + {Den (A, gn-1), B1)}?).

Also, we define the following polynomials

fipX) = XFT (1= (=) 7'X),  for(X) = X [Ty (1 — (—9)7'X),
fop(X) = XFIIP (1= (=) 7'X),  far(X) = XI5 (1 — (—g) 7' X).

Finally, for 0 < j < i, we define the following constants k; j: [[/_;(1+ (—¢)~'X) = Zé‘:o ki i X7
First, we claim that

! G+

(8.16) foin1(X) =D kij(—q)" "2 fij41(X),0<i<n—1, and
=0
: G- .
(8.17) friv1(X) = ki j(—q) = f341(X),0<i<n-—1.
=0

Let us prove (8.16) by induction on i. For ¢ = 0, the claim holds since fo1(X) = f1,1(X). Now,
assume that the claim holds for i, i.e.,
L : iGH) L
(8.18) XTI OO=-(=07"x) = kij(—9~ =2 X" J[ 1= (-9)7'X).
I=i+2 j=0 I=j+2
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Note that Z’H ki1, X7 =TI+ (—¢) 7' X) = (14 (—g) 7 1X)( ;-:0 ki jX7), and hence

i+1 » i »
_ G+ _JG+1)
S kivij(—) 72 fiin(X) =) kij(—q)7 2 fis(X)
- —~
(8.19) ”
- i _GH1)G2)
+3 (=) T ki) fgea(X).
=0

Now, consider the equation (8.18) with X = (—¢)"'X, n = n — 1. Then, we have

(J+1)(7+2)

(=)' X Tsis(l = (= <)+_5(X+)2 >0 kig(—a)” XTI a1 = (=)' X)

= i) ()T (X)) = (~) T X [T - (—g) ' X).

J(J+1>

Combining this with (8.19), we have Z;J;%) kiv1,5(—q)” frjm(X) = XTI (1 — (—¢)7'X).
This finishes the proof of (8.16). The equation (8.17) can be proved in a similar way.
Now, note that [Cho22a, Theorem 2.5] implies that if By = A,,, By = A,, such that n; >

n n—1
(2,...,2),m2>(2,...,2), then we have
fatro) = SV p ), ) = S ),
(8:20) U O
fS,j(RB) = Wﬂhj(}ﬁ)a fs,j(R4) = Wﬂm(&»)-

Furthermore, if By = Ay 9n-1y and By = A(gn-1), then Rk = RE =0 for all k£ > 1. Therefore,
(8.21) fQJ(RQ) =Ry = Den(A(A72n71), A(A,anl)), f4’j(R5) = Ry = Den(A(Qnﬂ), A(anl)).

Since Den(A(y 1 gn-2), A(x2n-1)) = 0, we have

(8.22)
Den (A gn-1) ) Ro(1 = (=¢)™"Ro) = fon—1(Ro)
= Y2176 ko 22( ) 1 fri+1(Ro) (by (8.16))
= Y0 kn2i(—0)” Z(M)%fz i+1(R1) (by (8.20))
= Y kneaa(—0) " e S kg (-0) T g (R) (by (8.16))
= {15 knai(—q)” MU%ZLO ki,j(—q)‘m;”%}}b (by (8.20), (8.21))

Similarly, note that Den(A gn-2y, A(on-1)) = 0, and hence
(8.23)
Den(A(gn-1), A@gn-1)) = R3(1 - (@)™ YR3) = f1n_1(Rs)

= 205 kn2i(—q) " > P (Rs) (by (8.17))
1—1 _1\n—i—1
=215 kn2i(—a)” (_gﬁwﬁl i+1(R4) (by (8.20))
n— _i(i=1) n—i—1 €]
=Y kn2i(—q) " 2 (q()(nl)lw Yo kij(—q)” Yy f3,]+1(R4) (by (8.17))
n_2 _i(i=1) (—1)n—i-1 _JG=1) (—1)n—i-1
= {3150 kn—2i(—q)" 2 [y Zj:o kij(—q)~ 2 ()W—HJD}Rg) (by (8.20), (8.21))
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Comparing (8.22) and (8.23), we have

2 DCD(A()“On—l), A()\Qn—l)) _ Den(A(On—l), A(Qn—l))
Den(A(%an), A()\anl)) Den(A(anl),A(anl))

(8.24) (—q)°

Now, by [Cho23, Lemma 4.6], we have

Den(A(Qn—l), A(Qn—l)) = qQ(”_l)QDen(A(On_l), A(On—l)) = q2(n—1)2 ?;11(1 - (—q)_l),
Den(Ay gn-1), Apon-1)) = a1 = (=) DI (1 = (=g)7h), ifA> 1,

D1 — (=) DI (1= (-7 if A>3,
2 _ .

" I (1= (=a)7) ifA=2.

Combining these with (8.24), we have

Den(A()\yonﬂ), A(A,an))/Den(A()\’an), A(A70n—1))
DeH(A(On—l), A(anl))/Den(A(an) y A(On—l))

Den (A gn-1y, A(x2n-1)) = {

2n—2 :
_ (7 )—2n+2 Den(A(A,an), A()\72n—1)) DeH(A(On—l), A(On—l)) _ q 1 (_ )—n if A = 3’
Den(A(A’Onfl), A()\70n—1)) Den(A(an), A(2n71)) q2n72 1_ (_(q])_l if \=2.
This finishes the proof of the lemma. O

9. TATE CONJECTURES AND THE PROOF OF THE MAIN THEOREM

9.1. The proof of the main theorem. Consider the Rapoport—Zink space ./\/7[1’1] and the space
of special homomorphisms V. Assume that L’ C V is an Op-lattice of rank n — 1. Recall that for
L” such that I’ ¢ L” c (L”)V C L}, we define the primitive part Z(L”)° of Z(L”) inductively
by setting

Z(L/b)o — Z(L/b) o Z Z(L”b)o.
LPcL™
L"c(L'"™)VcL?
For example, for a lattice L” with fundamental invariants (0,0, ...,0, 1), there is no integral lattice
L such that L” C L'” and hence Z(L"”)° = Z(L"”). For a lattice L” with fundamental invariants
(0,0,...,0,3), there is one integral lattice " satisfying the above conditions, and its fundamental

invariants are (0,0, ...,0,1). Therefore, we have Z(L”)° = Z(L”) — Z(L'"")° = Z(L") — Z(L'").
Now, let us define the derived special cycles “Z(L).

Definition 9.1. For a lattice L C V, choose its basis z1,...,x,. We define the derived special
cycle “Z(L) as the image of Oz(zy) QL ... L0 Z(z,) in the r-th graded piece of the Grothendieck
group Gr’"KOZ @) (N). This does not depend on the choice of the basis by Proposition 2.11.

By an induction on val(L), Conjecture 5.7 is equivalent to the following statement: for z € V\L’,,

(9.1) XN EZ(L%)° @ 0zyy) = 9Den] )l (2) = > Dy p (L)1 (),
L*cL'cL'V,L'nL%=L"

where L' C V are Op-lattices of rank n. For example, for a lattice L” with fundamental invari-

ants (0,...,0,1), it is obvious that Conjecture 5.7 is equivalent to (9.1). For a lattice L” with
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fundamental invariants (0, ...,0,3), there is one integral lattice L”” such that L” C L, and the

fundamental invariants of L is (0,...,0,1). Therefore, Conjecture 5.7 is equivalent to
h o
XL EZ(LP) @8 0z)) = Y Dua@)lu(e) - > Dy ()11 ()
L/bCL/CL/\/ LIbCL/CL/\/7L/mLI}:‘:LIIb

= > Dy (L)1 (),

L*cr'cLV,L/nL,=L"

which is equivalent to (9.1).
Now, note that there is a decomposition of the derived special cycle LZ(Lb) into a sum of
horizontal and vertical parts (see Section 2.3): VZ(L?) =LZ (L") + VZ(L")y.
We denote by “Z(L"”)%, (resp. “Z(L")3,) the primitive part of “Z(L”) , (resp. “Z(L")y).
We define

Ity p(z) = xWELEZ(L) 4 @ Ozay), Ity p(x) = X(NYLEZ(L7) ) @8 Oz),s
It ppe_y(2) = XN VZ(L7)5, @Y Oz(m), Intpme () = xNELEZ(LP)3 @ Oza).

Then, Conjecture 5.6 is equivalent to

(9.2) Intys e (x) + Intys () = dDen] i (x), or
(9.3) Ity oy (%) + Ity so  (x) = ODen’; (x).

Now, we define E)DenL,bo (@) by 8DenL,bo 7( x) = 8DenL,bo( z) — Intpne s ().

The reason we define the vertical part in this way is that it cannot be separated solely by the
invariants of L”. For example, even for a certain lattice L” € H(V), “Z(L”)° consists of both
vertical and horizontal parts. Therefore, the analytic part should include both parts as well.

Let X € R0+ be the fundamental invariants of L”. Then, by Lemma 3.6, we know that if
L” ¢ H(V) (ie., (t>2(N),t1(V), to(\) # (1, h,n—h —2),(1,h—2,n —h),(0,h—1,n — h), (o h,n —
h—1),(0,h+1,n—h—2)), then we have Int .. 4 (z) = 0, and hence we have that 6DenL,bO (@) =

8Denz,f’o( ),in this case.

When L” € H(V), then the horizontal part of Z(L") is not empty, and hence we need to be
careful. Note that by Theorem 3.3, the horizontal part of Z(L”)° comes from NQ[O} or /\/2[2]. By
[KR11, Theorem 1.1} and reductions in Proposition 2.6, we have a precise formula for Int o . (z).

Now, we will prove the following theorem.

Theorem 9.2. (¢f [LZ22a, Theorem 7.4.1]) Assume that © L L” and (t>2(\),t1(N),to()\)) =
(a,b,c) where X € R?Ltl is the fundamental invariants of L”. Then, we have the followings.

——n,h
(1) If val((w,x)) < =2, we have dDenp o 4 (x) = 0.
(2) If val((z,x)) = —1, we have

1 .
———n,h _qithfl,hfl<a7 b7 C) Zf (a7 b7 C) 7é (17 h — 2,7’L - h)’
8Del'lL/bo y( ) == 1 1 ]
_qTDn—l,h—l(aa b, C)+q7 Zf (CL, b, C) = (17h_27n_h)
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Proof. First, if (a,b,c) = (t>2(A\),t1(N\), to(N)) # (L, h,n —h —2),(1,h —2,n — h),(0,h — 1,n —
h),(0,h,n —h—1),(0,h+1,n— h — 2), then the assertion (1) follows from Theorem 8.18, and the
assertion (2) follows from Theorem 8.20.

Now, assume that (a,b,¢) = (1,h,n —h —2),(1,h — —h),(0,h — h) (0,h,n — h —
L/bo( x) by Theorem
8.19 and Theorem 8.21, we only need to know the Fourier transform of Int o . (z).

When (a,b,¢) = (1, h,n —h—2), let us write L” = Ly @ L1 & Lg, where the hermitian matrix of
Lo, Ly, Lo are 7 (X > 2), wly, I,,__o, respectively. Then, by Proposition 2.6, Z(L’b)gf in T[Lh]
can be reduced to Z(La @ L1)%, in N, ,E}_% Therefore, by Theorem 3.3, we have

(9.4) Z(Lo@® L)% = > Z(Ly)° - Y(N)°.
Lo®L1CLa®NCr~ (La®L1)
Nz(ﬂ'_l)h

1),(0,h+1,n — h —2). Since we already know the Fourler transform of aDen

By Proposition 2.6 again, Z(Ls & L1)%, can be reduced to Z(L2)%, = Z(L2)° in NQ[O]. Now,
note that by [KR11, Theorem 1.1], we know that the Kudla-Rapoport conjecture holds in the case
of N2[0]’ and hence Intrg s (7) = Intpg(z) = aDenQL’?(x).

By Theorem 8.19 and Theorem 8.21, we have thQat

ot Do 1 LYY (] — ¢=2)-1

ntpg(x) = ODenpe(x) = (g + 1) vol({z)")(1 —¢ 7).

Now, by [Zha22, Proposition 8.2], we know that via the embedding NQ[O] — N, [h], the Fourier

transform of X(/\/}[Lh], Oz (L) QL Oy(ny) QL Oz(Ly) QL Oz()) is

1 —~ o o\

Fmi@) =1 "Hg+ 1) vol((2)) (1 — ¢ %) 7"

Now, by (1.6) and Lemma 8.22, the number of lattices Ly @ N in the sum in (9.4) is
Den(Anp (—1yr), Apam)/Den(An (m, Ap-ym)

Den(A(( 1) ) A(lh))/Den(A( 1)h),A((_1)h))

_ Den(Apr),0m): Aat.2m) Den(A iy om, A, om) _

Den(A(Oh A(Qh))/Den(A(oh) A( ))

This implies that

Int ey (x) = ¢*"¢ " g+ 1) vol((z)V)(1 — ¢~2) 7"
¢" Mg+ 1) vol((z))(1 - ¢~
Now, by Theorem 8.19, Theorem 8.21, we have that

nh _ 0 if val((z,x)) < =2,

n,h
8D /ho aD /bo - I t 1ho s = 1
en ey (2) = ODen g () = It ey (2) —q—thfl,h—l(a, b,c) if val((z,z)) = 1.

This proves (1) and (2) when (a,b,c¢) = (1,h,n — h — 2).

Assume that (a,b,c¢) = (1,h —2,n — h) and let us write L” = Ly @ L, & Ly, where the hermitian
matrix of Lo, Ly, Lo are 7 (A > 2), wlj,_y, I,_p, respectively. Then, by Proposition 2.6, Z(L’b)O
in A" can be reduced to Z(L2 & L)% in /\/'}[lh]. Also, in ./\/'}[Lh}, we have that Z(w) = Y(n~1w) for

any w € V, and hence Z(L2 & L1)%, can be reduced to Z(L2)%, = Z(L2)° in 2[2]. Now, note that
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by [KR11, Theorem 1.1], we know that the Kudla-Rapoport conjecture holds in the case of j\/’2[2},
2,2
and hence Intrg s (7) = Intpg(z) = 8DenLg ().
By Theorem 8.19 and Theorem 8.21, we have that

— 22 g 2(g+ 1) vol((x)V)(1 — ¢~2)~t if val((x,2)) < -2,
Intpg (x) = 6DenLg (z) = { e 3(q+1)(1 =g 2"t — g2 if val((z,z)) = —1.

Now, by [Zha22, Proposition 8.2], we know that via the embedding J\f2[2] s 7[1h], the Fourier

transform of X(/\/}[zh], Oz(Ly)e e Oy(x-11,) L Oz(Lo) L Oz(y)) is

1

L e () = { g+ D) vol(#))(1 — 27" if val((z,2)) < —2,
qh—2 2

"N g+ DA =g ) =g ifval((z,2)) = ~1.
Now, by Theorem 8.19, Theorem 8.21, we have that

—nh ——nh — 0 if val((z,z)) < -2,
ODen o 5 (x) = ODenppmo () — Intpio 4 () = _ith—l,h—l(aa bo)+ ih if val((z, ) = —1.

q
This proves (1) and (2) when (a,b,c¢) = (1,h —2,n — h).

Assume that (a,b,c) = (0,h —1,n — h) and let us write L” = Ly @ L1 @ Ly, where the hermitian
matrix of Lo, Ly, Ly are wly, wly_o, I,_p, respectively. Note that in this case, val((z,x)) # —1
since val(L’ @ (z)) = h + 1 (mod 2). By Proposition 2.6, Z(L”)%, in N can be reduced to
Z(Ly & L1)% in N,Eh]. Also, in N,Eh], we have that Z(w) = V(7 1w) for any w € V, and hence
Z(Ly & L1)%, can be reduced to Z(L2)% = Z(L2)° in N2[2]. Now, note that by [KR11, Theorem
1.1], we know that the Kudla-Rapoport conjecture holds in the case of N2[2], and hence

IntLng(x) = IntLg (x) = 8D€H%§<LL‘)

By Theorem 8.19, we have that

_— 92

I/n\tLg (x) = dDen, (z) = ¢ tvol({(x)V)(1 — ¢~ )7L

Now, by [Zha22, Proposition 8.2], we know that via the embedding N2[2] — 7[Lh], the Fourier

transform of X(Mﬁh], Oz(Ly)e L Oy(x-11,) L Oz(L) ®r Oz(x)) is

1 —
FIn‘ch () = ¢ " vol((z)V)(1 — ¢=2)~ L.

By Theorem 8.19 we have that @Z’fw(m) = 8/13312’/?0 (x) — I/Il\tL/bo’jf<x) = 0. This proves (1)
when (a,b,¢) = (0,h — 1,n — h).

Assume that (a,b,c¢) = (0,h,n —h — 1) and let us write L” = L; @ Lo, where the hermitian
matrix of Ly, Lg are wly, I,_;_1, respectively. By Proposition 2.6, Z(L’b);f in N}[Lh] can be reduced
to Z(L1)% in /\/'}[f_ﬂl Therefore, by Theorem 3.3, we have that Z(L1)% = Y(n 'L1) and hence
(YV(r~tLy), Z(z)) is (Z(x)) in 1[0]. Now, By [KR11, Theorem 1.1] and Proposition 2.6, we know
that (Z(x)) = 8Denql)’0(ac). By Theorem 8.19 and Theorem 8.21, we have that

—1,0
dDeny; (z) = vol((x)¥)(1 — ¢ )~ L.
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Now, by [Zha22, Proposition 8.2], we know that via the embedding /\/’1[0] — /\/JZM, the Fourier
transform of X(Nr[Lh], Oy(r-11,) @ Oz(1,) @ Oz(p))is
1 ——10
q—(‘) eng (z) = ¢ "vol({x)V)(1 — ¢~ ).

This implies that
It oo g (@) = ¢~ vol(2)) (1 = %)~
Now, by Theorem 8.19, Theorem 8.21, we have that
a/])\n,h 8/])\71,/1 I/\ 0 ) if val((x,x)) < —2,
tbo == /bo - t 1ho -
€Ny ,“//(1‘) eny b (33) Nty ,Jf(l') _qih-Dn—l,h—l(a) b, C) if val((x,:z:)) - 1.
This proves (1) and (2) when (a,b,c) = (0,h,n — h — 1).
When (a,b,¢) = (0,h+1,n—h—2), let us write L” = Ly @ L; @ Lo, where the hermitian matrix
of Lo, Ly, Ly are w1y, wly,, I,_h_o, respectively. Note that in thls case, val((z,x)) # —1 since
val(L’@(z)) = h+1 (mod 2). By Proposition 2.6, Z(L"”)%, in N can be reduced to Z(L2L1)%

in N }[L +}2 Therefore, by Theorem 3.3, we have
(9.5) Z(Lo@® L)% = > Z(Ly)° - Y(N)°.
Lo®L1CLa®NCrn~ (La®L1)
N (r—h)h

By Proposition 2.6 again, Z(Ls & L1)%, can be reduced to Z(L2)% = Z(L2)° in /\/2[0]. Now,
note that by [KR11, Theorem 1.1], we know that the Kudla-Rapoport conjecture holds in the case
of N2[O], and hence Intzg (z) = Intps(z) = 8Deni’9(x).

By Theorem 8.19 and Theorem 8.21, we have thQat

T, o0 -1 v —2\—1
Tt () = DDengs () = g~ (g + 1) vol(())(1 — g %)
Now, by [Zha22, Proposition 8.2], we know that via the embedding N2[O] — N, [h], the Fourier
transform of X(Nyl], OZ (L2)° ®]L Oy(Nz) ®L OZ(L()) ®L Oz(x))ls
—IntLo( )=q"

7 g+ 1) vol((z)) (1 — g2
Now, by (1.6) and Lemma 8.22, the number of lattices Ly & N in the sum in (9.5) is
Den (A (—1yny, Aqiny)/Den(Aq (e ) A (1)
Den(A( 1 A(lh))/Den(A(( 1)h), (( ) ))

Den( 2,00 A2,21)) /Den(A onys A2 0n)) _ ool (—q)~h1
Den(A Oh A(Zh )/Den(A(Oh Oh)) 1 - (_q)_l '

1 —~ h

This implies that
Inthme(x) = qh(l — (—q)fh*l) vol({z)V)(1 — ¢~ )~ 1.
Now, by Theorem 8.19, Theorem 8.21, we have that
——n,h ——mn,h —
dDen o y () = ODenp o () — Int o s (z) = 0.

This proves (1) when (a,b,c¢) = (0,h + 1,n — h — 2). This finishes the proof of the theorem. O
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Proposition 9.3. (c¢f. [LZ22a, Proposition 7.3.4], [LL22, Proposition 2.22]) Assume that L’ be

n,h

an Op-lattice of rank n —1 in V. Then, ODen,),

locally constant function on V (we still denote it by 8Den2’,f7,1,(x)).

() extends uniquely to a compactly supported

Proof. Even though our situation is more similar to [L.Z22a, Proposition 7.3.4], we do not have a
functional equation like [LZ22a, (3.2.0.2)] yet. Therefore, let us follow the proof of [LL22, Propo-
sition 2.22]. Basically, the proof is very similar to the proof of Theorem 9.2 (1).

Note that if L’ is not integral, then 8Den2’,’;77/
integral. Now, it suffices to show that for every y € L%/Lb, there exists an integer d(y) > 0
such that 8Den2’,’fﬂ/(y + ) is constant for x € w0 ((L%)1)Z0\{0}, where V = L. @ (L%)* and
(L5520 = {(L5)* | (z,2) € Op}. If I’ + (y) is not integral, then there exists d(y) such
that L’ + (y + 2) is not integral for z € w®®) ((L5)+)Z%\{0}, and hence 8Den7£j?77/(y +z) = 0.

Therefore, we can assume that L° + (y) is integral. Let (a1, ag,...,an—1) (a1 < ag- - < an,_1) be

(z) = 0. Therefore, we can assume that L’ is

the fundamental invariants of L” and let 6(y) = a,_1 + 2. Then, it suffices to show that for a fixed
pair (f1, f2) of generators of ((L%)+)Z%, we have

GDeHZ’,fj/(y +70f1) — aDeHZ’,{f’n//(y + 707 f) =0,

for § > 0(y) = an—1 + 2.

Now, let us introduce some notations from [LL22, Lemma 2.24]. Let £ be the set of Op-lattices
in V containing L’, and let € be the set of triples (L’b, d,€) such that L” is an Op-lattice of L%
containing L’, § € Z, and € : wé((L%)J-)zo — L ®0 F/OF is an Op-linear map. Then, consider
the map 6 : £ — € sending L to (LN L%, dr,€r) where ¢r is the maximal integer such that the
image of L under the projection Pry : V — (L%)* is contained in % ((L5))20, and €y, is the
extension map 7% ((L%)1)2% — L ®0, F/Op induced by the short exact sequence

0= LNLy— L— % ((Lx)H)20 = 0.

Then, as in the proof of [LL22, Lemma 2.24 (1)], 6 is a bijection and its inverse is given by sending
(L”,6,¢€) to the Op-lattice L generated by L” and €(x) 4 2 for every x € 70((L%)4)20.
Now, for every ¢’ € Z, we define the following sets

e ={Le | Lc LV, b,=08y+7feL}
8 ={Lef|LcLY, o, =08 y+n"foeLl

and for L’ C L”, we define

Eé:L’b ::{LGS‘LCL\/,(SL:(S/,y—i-W&fl EL,LQL?—‘:L”},

ngle = {Leg‘LchjL:(;/’erWaqu eL,LmL}:L’b}.

n,h

Since dDen”;" Lo,y

7> 4 () is a certain sum of dDen

(z), it suffices to show that

ODen}), ,(y+7°f1) — ODenyy, (y+7""" fo) =0,

for & > 6(y) = an—1 + 2 and L° C L".
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By definition, we have that

n,h 5
ODen ., (y +7°f1) = > > Dun(L
5/<6 L626/
1,07

aDen?/}blo 7/(y+7r5 1f2 Z Z Dnh

§'<6-1 ns’
Lexu,b
Therefore, it suffices to show that

(9.6) S>> DaaL)— > > Duu(L

§'<s LES(S/ " §'<6-1 L€£§ "
1,L 2,L

for all § > 0(y) = a,_1 +2 and L” C L”.
Since § > a,,—1 + 2, we have that for ¢’ < 2, we have

& =8, ={Leg|LclY6,=0yel,LnLy=L"}

0 0—1
Therefore, (9.6) equals to » > Dpp(L) =) > Dpn(L) =
¥=2 Lest , =2 Leg! ,

Also, the automorphism of ¢ sendlng (L”,d,€) to (L”,8' — 1,e(ma)), where a € OF, f1 = afa,
induces a bijection from £%' 1L to £0-1 oL Therefore, it suffices to show that

(9.7) > Dun(L) =1.4(y) > Dpn(L) =0.
Lesf b LCLY,LNLY,=L"6;,=2

Note that by Theorem 9.2 (1), we have that for val((z,z)) < -2,
e b
dDen o () = vol(L") > Dy n(L)vol(Pry (L)) = 0.
L*CcLCcLY,LNL},=L" zeLY

Now, choose z to be generators of 7= 2((L%)*)Z% and 7=3((L%)+)Z% and then take the difference.
Then, we have that

> Dyn(L) =0.
LCLY,LNL,=L" §,=2
This shows that (9.7) holds which finishes the proof of the proposition. O

Theorem 9.4. Assume that Conjecture 4.3 above holds for N;Lh] and Conjecture 5.6 holds for
Z-cycles in ./\/;[Lhi”. Then, Conjecture 5.6 holds for Z-cycles in ./\/}[Lh].

Proof. As in [LZ22a, section 8.2], we will prove this inductively. Let L’ C V be a rank n — 1 lattice
such that L’ is non-degenerate, and let « € V\ L}.. By definition of 6Denz’b]f,7/( x) and 6Denz£ V(m),
it suffices to show that

(9.8) ODen}", (x) = Inty 4 (x),
or equivalently
(9.9) dDen’), (@) =Tt o 4 (),

forall L’ ¢ L” c L"V.
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Now, assume that (9.8) holds for L such that val(L") < val(L).
Let (a1,a2,...,an—1) (0 < a3 < --+ < a,_1) be the fundamental invariants of L. Tet M =
M(L?) = L’ @ (u) for some u € V such that val((u,u)) = ay == a,_1 Or an_1 + 1, so that

ap+az+---+a,=h+1 (mod 2).

Now, assume that (a},a}, ..., a!,) be the fundamental invariants of the lattice L’ + (x) with a basis
(¢),...,el) such that val(e}, e}) = al. Let L' = (¢},...,€/,_;) ane let 2/ = ¢/,. Then, we have that

Int;y (z) = Int;m (), 8Den7LL’h( ) = aDenz,ﬁ( ).

By [LZ22a, Lemma 8.2.2], if z ¢ M, then val(L") < val(L"), and hence by the inductive hypothesis,

we have that

Int . (z) = ODen’ ), (x).

This implies that the support of

¢ = Intys 4 (z) — ODen})", (z) € CZ*(V)

is contained in the lattice M. Here, Inty, , () — 8Dean () is in CZ°(V) by Proposition 9.3,
Theorem 4.5, [LZ22a, Lemma 6.2.1], and [Sanl7, Lemma 2.11].
Now, let us consider = such that val((x,z)) < 0 and # L L°. Since we have assumed that

Conjecture 4.3 below holds, by [LZ22a, Lemma 6.3.1] and [Zha22, Theorem 8.1}, we have that

_— 1 1
XNYLLZ (L) y @8 Oz0) = Intps p (2) = — oty (V@) = =X (WL P2 D)y @8 Oyey).

From now on, we use Int;, ,(Y(x)) (resp. Int;se 4 (Y(7))) to denote X(/\/}[Lh],LZ(Lb)y/ @ Oy ()
(resp. X(N}[L ],]LZ(L") L Oy()))-
Furthermore, note that we can decompose this into primitive parts
1 1 o~
——Intp V(@)= D =t , V(@) = D Intpee 4 (2).
q LbClecle\/ LbCLIbCL/b\/
Now, let us compare this with the analytic side.
When val((z,z)) < —2, we have that Y(z) is empty. Therefore, combining this with Theorem
9.2, we have that
-~ — _ ,h
$(x) = Tntys 5 (x) — dDenps p(x) = 0 — 0 = 0.
When val((x,z)) = —1, by Proposition 2.6, we have that

—

1 1 .
0t o () = = e (V(@) = =X (N, P 2(17)5 & Oyiy)
1 - (o] o
= X W R (D) =2 (L)),

1]

Since we have assumed that Conjecture 5.6 holds for NJLh:l , we have that

1 1
;X(N[h 11]7LZ(L/b) ) - _qithfl,hfl(av b7 0)7
where (a,b,c) = (t>2(\),t1(A\), to(A)) and A € RYT | is the fundamental invariants of L”.

(
For X(N[h 11],LZ(L’b) ), we have the following two cases.
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First, assume that (a,b,c) # (1,h—2,n—h). Then, by Theorem 3.3 (or see the proof of Theorem
9.2), we have that Z(L")%, is empty or the sum of Z(L)° - Y(N) for some lattice N ~ (7—)".
Since Y(N) is empty in N,[Lh:lu, we have that X(/\/'yfll],LZ(L’b);f) =0.

Now, assume that (a,b,c¢) = (1,h—2,n—h). Then by Theorem 3.3 (or see the proof of Theorem
9.2), we have that

Z(L")5p = Z(L2)° - Y(r ' L) - Z(Lo),
where Ly ~ 7 (A >2), 77 1Ly ~ 7 '}, _5, and Lo ~ I,,_j,. Therefore,
XN B 2(27)5,) = x((WIY, B2 (Ls)°) = D1 (1,0,0) = 1.

Combining these, we have that

1 .
e _qTLDn—Lh—l(av b, c) if (a,b,¢) # (1,h —2,n — h),
IntL/bo77/(x) = 1

1.
_qithfl,hfl(C%b? C) + q7h if (a7b7 C) = (17 h — 27” - h)

Therefore, by Theorem 9.2, we have that
— ——nh
Int sy 4 (z) — 8D€n7£/b77/($) = 0 for val((z,x)) < 0.

This implies that ¢ = 0 for val((z,z)) < 0.
Now, we only need to follow the proof of [LLZ22a, Theorem 8.2.1].
Since ¢ is invariant under L” and Supp(¢) C M, we have that

¢ = ]-Lb & QSJ_)
where ¢, € C°((L%)*') and ¢, is supported on M| = (u). Then, we have
= vol(L")1 0 ® ¢y,

and ¢, is invariant under the translation by (u") = (r~%u). Since val((u",u")) = —an < 0 and

a = 0 for every z such that z L L’ val((z,z)) < 0, we have that ¢ vanishes identically and
hence ¢ = 0. This finishes the proof of the Theorem. ([l

Theorem 9.5. (c¢f. [LZ22a, Theorem 8.2.1, Theorem 10.5.1]) Conjecture 5.6 holds for Z-cycles in
AO},NT[LI],./\/#_”, T[Ln], and N4[2].

Proof. This follows from Theorem 9.4 and Theorem 4.5. O

Remark 9.6. We remark that the Kudla-Rapoport conjecture for N,LO}, T[Ln] (good reductions
case), N (almost self-dual case) is already proved in [LZ22a]. Therefore, our new cases are
/\/}Ln_l] and N, 4[2]. We also remark that our work gives a different proof of the conjecture for ./\/}[Ll].
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